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I .  INTRODUCTION 
The deve lopment  o f  theore t ica l  h igh energy phys ics ,  o r  e lementary  
par t ic le  phys ics ,  has proceeded la rge ly  through the phenomenolog ica l  
approach.  Th is  approach cons is ts  o f  exp lo i t ing  as fu l l y  as poss ib le  
severa l  b road ly  accepted pr inc ip les  o f  h igh energy react ions,  such as  
ana ly t ic i ty  and un i ta r i ty  o f  the scat ter ing  ampl i tude or  un i ta ry  symmetry  
o f  the observed par t ic le  s ta tes ,  and determin ing the parameters  not  spec­
i f ied  by the genera l  p r inc ip les  by numer ica l ly  f i t t ing  exper imenta l  da ta .  
Models  based on the apparent  SU (3)  symmetry  o f  the observed mesons and 
baryons,  and the Regge model ,  based on ana ly t ic i ty  o f  scat ter ing  ampl i tudes 
in  the MandeIs tam var iab les ,  have been the most  successfu l  o f  the pheno-
menolog ica l  theor ies  app l ied  to  the ever -growing l i s t  o f  "e lementary"  
par t ic les  observed by  exper imenta l  groups work ing w i th  h igh energy acce l ­
era tors .  Among the  successes o f  the SU(3)  model ,  and un i ta ry  symmetry  in  
genera l ,  a re  the c lass i f i ca t ion  o f  over  a  hundred observed "par t ic les"  
in to  wel l  def ined s ing le ts ,  oc te ts  and decup le ts  re la ted to  each o ther  
by  the known proper t ies  o f  the group,  and the accura te  pred ic t ion  o f  
cer ta in  constants  o f  the theory ,  such as  baryon magnet ic  moment  ra t ios  
and coup l ing  constants .  The Regge theory ,  on the o ther  hand,  has been 
successfu l  in  pred ic t ing  the cor rec t  energy dependence o f  h igh energy 
c ross  sect ions and po lar iza t ion  measurements ,  as  we l l  as  re la t ing  the 
var ious par t ic le  mul t ip le ts  to  o thers  w i th  h igher  sp ins  and masses.  In  
v iew o f  the impress ive  successes these theor ies  have had in  pred ic t ing  
and exp la in ing huge quant i t ies  o f  data ,  the  appearance o f  severa l  ra ther  
d ras t ic  cont rad ic t ions between theory  and exper iment  in  a  few react ions 
2 
serves to  s t imula te  fu r ther  re f inements  o f  these theor ies ,  somet imes even 
suggest ing new f ie lds  o f  in teres t  to  the exper imenta l is t .  i t  is  the pur ­
pose o f  th is  d isser ta t ion  to  dea l  w i th  three such ins tances in  which smal l  
changes in  the prev ious ly  adequate  theory  are  made in  order  to  exp la in  
some anomal ies  seen in  recent  exper iments .  These anomal ies  are  the tw in-
peaked mass d is t r ibu t ion  seen by  severa l  independent  exper imenta l  
groups,  the  poss ib le  non-zero  po lar iza t ion  o f  the neut ron seen in  e ta  
product ion in  p ion-pro ton scat ter ing ,  and the la rge forward peak seen in  
charged p ion photoproduct ion.  In  each ins tance i t  is  found that  the data  
can be eas i ly  exp la ined by in t roduc ing a second A2" type meson be long ing 
to  an SU (3)  mul t ip le t  d i f fe rent  f rom the oc te t  w i th  which the usua l  
tensor  meson i s  assoc ia ted.  A s imple  in terpre ta t ion  o f  th is  new meson 
mul t ip le t  is  g iven in  terms o f  the quark  model ,  and the proper t ies  o f  the 
SU(3)  symmetry  group are  used to  determine re la t ions between the re levant  
coup l ing  constants .  Good f i t s  to  the a forement ioned data  are  obta ined by 
app ly ing the concept  o f  representa t ion  mix ing,  deve loped here  in  a f ie ld -
theoret ic  f ramework .  A lso ,  some fu r ther  consequences o f  the theory  are  
examined.  In  par t icu lar ,  the app l ica t ion  o f  the theory  to  the dua l i ty  
hypothes is ,  in  which a boots t rap mechanism serves to  re la te  Regge po les  
in  the crossed channel  to  d i rec t  channel  resonances,  i s  car r ied  out  fo r  
an ine las t ic  react ion  and compared w i th  ana lyses o f  the e las t ic  react ion .  
In  Chapter  11,  an SU(3)  representa t ion  mix ing formal ism is  deve loped 
in  the f ramework  o f  LSZ f ie ld  theory  which a l lows a s imple  and d i rec t  
in terpre ta t ion  o f  the mix ing o f  par t ic le  s ta tes  by  means o f  a  non-d iagona l  
mass mat r ix  assumed to  be generated by  an SU(3)~break ing in terac t ion .  
Th is  formal ism is  app l ied  to  the tw in-peaked Ag mass d is t r ibu t ion  in  
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Chapter  I I I ,  and the best  f i t  parameters  fo r  the masses,  decay w id ths  and 
mix ing ang les  are  obta ined fo r  two d i f fe rent  in terpre ta t ions o f  recent  
exper iments .  in  Chapter  IV  the scat ter ing  ampl i tudes obta ined f rom the 
mix ing theory  are  Reggeized and used in  f i t t ing  the cross  sect ions and 
po lar iza t ion  measurements  fo r  e ta  product ion in  p ion-pro ton sxat ter ing^ .  
The re la t ion  o f  the Regge parameters  thus obta ined to  those requ i red to  
exp la in  the forward peak in  p ion photoproduct ion is  a lso  d iscussed in  th is  
chapter .  A par t ia l  wave ana lys is  o f  the Regge ampl i tudes is  car r ied  out  
in  Chapter  V,  and Argand d iagrams (p lo ts  o f  the rea l  par t  o f  the scat ter ­
ing ampl i tude versus the imaginary  par t )  a re  obta ined.  By app ly ing the 
accepted c r i te r ion  for  the ex is tence o f  a  resonance s ta te ,  we f ind  that  a  
ser ies  o f  d i rec t  channel  baryon ic  resonances is  generated by  the t -channel  
exchange o f  mesonic  Regge t ra jec tor ies .  These resonances are  compared to  
those seen in  a  s imi la r  ana lys is  o f  p ion-pro ton e las t ic  and charge exchange 
scat ter ing  and in  a  recent  phase sh i f t  ana lys is  o f  the low energy data  fo r  
the same react ion .  Der iva t ion  o f  a  su i tab le  form o f  the scat ter ing  ampl i ­
tudes requ i red here  i s  car r ied  out  in  Appendix  A,  the  Reggeizat ion  procedure 
and the var ious ghost -k i l l ing  mechanisms are  d iscussed in  Appendix  B,  and 
a  genera l  fo rm for  the ine las t ic  scat ter ing  mat r ix  e lement  and i t s  assoc i ­
a ted Argand d iagram is  der ived in  Appendix  C.  
^The phrase "e ta  product ion in  p ion-pro ton scat ter ing"  has been 
shor tened to  "e ta  p ion-product ion"  in  the remainder  o f  the tex t .  
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I I .  SU(3)  REPRESENTATION MIXING IN A FIELD-THEORETIC FRAMEWORK 
A.  In t roduct ion 
Uni tary  symmetry  o f  par t ic le  s ta tes  can be v iewed as  an ex tens ion o f  
isosp in  symmetry ,  represented by  SU(2) ,  to  a  h igher  order  un i ta ry  group 
(1) .  The ex is tence o f  a  new quantum number  ca l led  "s t rangeness "  led to  
the hypothes is  tha t  par t ic le  s ta tes  would ,  in  the presence o f  on ly  a  
supers t rong force,  car ry  i r reduc ib le  representa t ions o f  the L ie  group 
SU(3) .  The mass degeneracy i s  removed by  an SU(3) -break ing in terac t ion ,  
jus t  as  the e lec t romagnet ic  in terac t ion  breaks the isosp in  symmetry .  Th is  
ana logy w i th  quantum e lec t rodynamics  i s  perhaps most  hand i ly  exp lo i ted 
in  terms o f  second-quant ized re la t iv is t ic  f ie ld  theory  (2) ,  where the 
f ie ld  operators  can be thought  o f  as  car ry ing the group representa t ions,  
and the in terac t ions enter  through the f ie ld  equat ions.  Th is  i s  by no 
means the on ly  fo rmal ism in  which the symmetry  p roper t ies  o f  observed 
par t ic le  s ta tes  can be exp lo i ted,  but  i t  does o f fe r  a t  least  a  comple te  
notâ t iona l  sys tem in  which the in terpre ta t ion  o f  the par t ic les  and the i r  
in terac t ions can be eas i ly  unders tood.  We sha l l  not  be concerned here  
w i th  the more in t r ica te  prob lems o f  quantum f ie ld  theory ,  but  s imply  use 
the f ie ld  concepts  as  a  bas is  fo r  the nota t ion .  
When in t roduc ing an SU(3) -break ing in terac t ion  to  account  fo r  the 
mass sp l i t t ing  among the par t ic les  in  a  g iven mul t ip le t ,  Gel l -Mann and 
Okubo (1)  observe tha t  in  order  to  obta in  a  good f i t  to  measured masses 
o f  the par t ic les  invo lved,  the s ing le t  and oc te t  s ta tes  w i th  zero  isosp in  
must  be cons idered to  ex is t  as  phys ica l  s ta tes  which are  mix tures  o f  the 
bas is  s ta tes  fo r  the group mul t ip le t .  S ince these s ta tes  have exact ly  
the same in terna l  quantum numbers  (sp in ,  i sosp in ,  par i ty  and charge 
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con jugat ion)  except  fo r  the i r  SU (3)  representa t ion  labe ls ,  the symmetry  
b reak ing in terac t ion  a l lows phys ica l  s ta tes  to  occur  as  l inear  combinat ions 
o f  the  SU(3)  s ta tes .  Th is  s ing le t -oc te t  mix ing o f  the isosp in  zero  com­
ponents  i s  seen to  occur  in  a l l  the known nonets  (s ing le t  +  oc te t )  observed 
thus fa r ,  and the theore t ica l  p red ic t ions o f  the mix ing theory  are  we l l  
borne out  by  the data .  
In  th is  chapter  a  genera l  mix ing formal ism is  deve loped in  the 
f ramework  o f  LSZ f ie ld  theory  (2) .  The case o f  sca lar  f ie lds  is  t reated 
f i rs t ,  and then the formal ism is  extended to  h igher  sp in  boson f ie lds  by 
use o f  a  p ro jec t ion  operator  techn ique.  The e f fec ts  o f  f ie ld  renormal i -
za t ion  are  inc luded in  the resu l t  insofar  as  the po le  approx imat ion fo r  
the propagator  funct ion  is  va l id .  
i r reduc ib le  representa t ion  o f  SU(3) .  These f ie lds  are  taken to  sa t is fy  
a mat r ix  K le in-Gordon equat ion w i th  an SU (3) -break ing in terac t ion  which 
causes the f ie lds  to  be mixed.  Forming a  two-vector  (p ,  we can wr i te  the 
equat ion sa t is f ied  by these f ie lds  in  the form 
B.  Mix ing o f  Sca lar  F ie lds  
Cons ider  two sca lar  f ie lds ,  (D ^ and each o f  which car r ies  an 
(  1 + M ^)  #(x)  = j  (x)  ( 2 . 1  )  
where 
cp (x )  — 
and O 
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2 
The mass mat r ix  inc ludes the mix ing o f  the in terac t ing  f ie lds .  
Assuming that  the mass mat r ix  has nondegenerate  e igenva lues,  we make a  
un i ta ry  t ransformat ion o f  the wave equat ion 2 .1  which d iagona l izes  the 
mass mat r ix ,  
U ( [ ]2  1 +  m/ )  u"^  U p  (x)  = 1 +  M^)  Y(x)  =  U j  (x)  =  j ' (x) ,  (2 .2)  
where 
Y (x )  =  U (£)  ( x )  ,  
j  '  (x )  =  jJ  T  (x )  ,  
and 
=  U M 
~  g ~  
f  m,^  0  \  
0 ) •  (2 .3)  
2 The m.  a re  the masses o f  the s ta tes  cor responding to  the in terpo la t ing  
f ie lds  Y. .  S ince the equat ions fo r  the f ie lds  are  now separated,  the  f ree 
f ie lds  requ i red to  const ruc t  phys ica l  s ing le-par t ic le  s ta tes  f rom the 
vacuum can be formed by  tak ing a su i tab le  funct iona l  o f  the phys ica l  f ie lds  
and the i r  cur rents .  The f ree f ie lds ,  denoted by  y ' " . ,  are  def ined to  have 
the fo l lowing proper t ies :  
a .  y ' " . (x )  t ransforms under  the  Po incare  group in  the same way as  
the Y. (x ) .  In  par t icu lar .  
[ / ,  ï ' " iW]  = - i  I3 ;  ôx^  i  
b.  The space- t ime deve lopment  o f  y ' " . (x )  i s  descr ibed by a  K le in-
2 
Gordon equat ion w i th  phys ica l  masses m ' .  ,  
( •^  I  + H/ )  Ï ' " (x )  .  0, 
0 
. 2  
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The y ' " . (x )  f ie lds  create  phys ica l  one-par t ic le  s ta tes  f rom the vacuum,  as  
can be seen by  not ing  that  
- iô^< 0 |  Y ' " . (x ) |n> = <0|[P^ ,Y ' " . (xX l |  n> 
=  Pn^< 0 |  Y ' " . (x )  1 0 ) ,  
<0]^ ' " .  w  |n> .  - (o|  y 'n .Wl  „>  .  
Hence,  
( •^  + m.^)  <o[y ' " . ( X )  I  n>= (m. '^  -  p^^)  <0 |  y ' " .  (x )  jn )  =  0 ,  
so that  the on ly  s ta tes  produced f rom the vacuum by y ' " . (x )  are  s ing le-
2 par t ic le  s ta tes  o f  mass mi  .  
The f ree f ie lds  have the usua l  Four ier  expans ion in  terms o f  the 
c reat ion and dest ruc t ion  operators  in  momentum space,  
Y ' " ; (x )  =  Jd^p {a ' " . (p )  fp (x)  +  b ' " .^ (p)  fp" (x )  } ,  
where 
fp (x)  =  (2%)-3 /2  (2Ep)-1/2 e" 'P ' *  ,  
Ep =  (P^ +  =  P° ,  
a ' " . (p )  =  dest ruc t ion  operator  fo r  a  f ree s ta te  i  wi th  momentum p ,  and 
b ' " .^ (p)  =  creat ion operator  fo r  a  f ree ant ipar t ic le  s ta te  i  wi th  momentum 
P-
,  ,  i c - i .  i n  i n  ,  ,  i n  t  i n  t  For  a  charged sca lar  f ie ld ,  a  .  = a,  .  and b  .  = a .  .  
^  I  +  I  1 - 1  
In  order  to  re la te  the f ree f ie lds  to  the in terpo la t ing  f ie lds ,  we 
in t roduce a mass counter term in to  the K le in-Gordon equat ion 2 .2  in  the 
fo l  lowing manner :  
( r f  + j (x )  =  j ' ; (x )  +  (m' .Z  -  m' .Z)  Y.  (x ) ,  
( r f  + m' .^ )Y . (x )  =  j ' . (x )  +  (m' .Z  -  m.^)  Y.  (x )  =  j y (  x ) .  
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The cur rent  j " . (x )  is  t reated as the source g iv ing r ise  to  the scat tered 
waves wh ich are  present  in  add i t ion  to  the f ree waves Y .  (x)  propagat ing 
w i th  mass m ' . .  Th is  suggests  the  funct iona l  re la t ion  between the f ree 
f ie lds  and the in terpo la t ing  f ie lds  and cur rent ,  
• /z .  V ' " . (x )  =Y. (x )  -  Jd \  (x-y ;  m.^)  j " . (y ) ,  (2 .4)  
whe re  
m.2)  =0  for  x^  <  
( •^  + m.^)  A j .g^(x-y ;  m.^)  =  ô^(x  -  y ) ,  
and Z .  i s  the renormal  i za t ion  constant .  S ince the cur rent  j ' ' .  (x )  i s  a  
sca lar  opera tor ,  i t  is  easy to  show that  th is  def in i t ion  o f  the f ree f ie ld  
y ' " . (x )  sa t is f ies  the two cond i t ions  a  and b  on page 6 .  The renormal iza­
t ion  constant  Z .  i s  inc luded to  permi t  normal iza t ion  o f  the mat r ix  e lement  
fo r  the f ree f ie ld  to  create  one-par t ic le  s ta tes  f rom the vacuum to  un i t  
ampl i tude.  The cor rec t  asymptot ic  cond i t ion  re la t ing  the f ie lds ,  the 
Lehmann,  Symanz ik ,  Z immermann (LSZ)  weak convergence l im i t  (2) ,  i s  obta ined 
by  smear ing the f ie lds  over  a  space- l ike  reg ion accord ing to  
Y^( t )  =  i jd^x  f " (x , t )  Y(x, t ) ,  
where f (x , t )  is  an arb i t rary  norma 1 izab le  so lu t ion  to  the homogeneous 
K le in-Gordon equat ion.  Tak ing any two norma 1 izab le  s ta tes  10: )  and |p ) ,  
we obta in  the LSZ asymptot ic  cond i t ion  
l i m  ( 0 i \  Y ^ ( t )  | p )  = / z  < a l  | p ) ,  
t—»-oo 
and def ined ana logous ly  to  Y^( t ) j  i s  independent  o f  t ime.  The 
spect ra l  representa t ion  o f  the Feynman propagator  fo r  the f ree f ie lds  is  
g iven by 
A° j j (x ,y )  =  - î<o! t {y ' " .  (x )  (2 .5)  
=  - i (2 j t )  ^  j ' d^  p° . j (q )  {©(x^-y^)  e  
+0(y^-x^)  v )  j  
2\  .  o,  2\  .  2  
IJ  
whe re  
(lOo o , I. ^  . , I
= P J -  {m ) 22ip (x -y ;  m )  dm ,  
° j j (q )  =  (2n)^  E  6^(p^-q)  <0|  Y '  "  .  (O)  j  n )  < n  |  Y '  (0)  1 0> 
=  P j ; * (q)  
=p° [ j (q^)  Q(q°) j  
and 
Ap°(x-y ;  m^)  =  - i (2 î t )^  Jd% 6(q^-m^)^(xQ-yo)  e  v )  
+8(yg-x^)  
i s  the usua l  Feynman propagator .  In  momentum space the f ree f ie ld  
propagator  becomes 
A° j j (p )  = .1"  dm^ p° ; j (m^)  (p^  -  + ie)  K  (2 .6)  
From the def in i t ion  o f  the f ree f ie lds ,  we obta in  
(0 | * ' " . (x )  |n> =  f  (x )  5  :  ^  ,  (2 .7)  
Pn '  
where f  (x )  i s  a  so lu t ion  to  the homogeneous K le in-Gordon equat ion,  
-1 /2  
f  (x )  =  [  (2 j t )  2  E ]  e ' ^n  *  .  
Pn P 
Wi th  th is  express ion inser ted in to  the express ion fo r  the f ree f ie ld  
spect ra l  funct ion  2 .5 ,  the  propagator  fo r  two f ree par t ic les  becomes 
10 
;^ (P)  =  <  p  -  m'  + I  E (2.8) 
p -  im'  +  1e 
=  I  -
where the m' .  are  the masses o f  the phys ica l  s ta tes .  The propagator  
fo r  the in terpo la t ing  f ie lds  i j ;  .  i s  def ined ana logous ly  to  that  fo r  the 
f ree f ie lds .  
P; j (q )  =  E6^(p^-q) (0 |^ . (0) |n) (n | t j ^ (0) |o) ,  
wh ich g ives,  fo r  p  rea l  and t imel ike ,  
A ' j j  (x -y )  =  - i  <o)T{ i ) r . (x )  \ l f j ^ (y ) }  10]  
(2 .9)  
( 2 . 1 0  )  
= dm^ P;j(m^) /h|:.(x-y; 
A'j j  (p)  =  dm P j j (m )  (p  -  m + ie)  .  
The po le  approx imat ion (3)  cons is ts  o f  tak ing the sum in  2 .9  over  the 
phys ica l  s ing le-par t ic le  s ta tes  on ly .  Us ing 2 .4  and 2 .7 ,  we obta in  
A '  (p)  =  Z f (p)  +  ^  2  dm^ p(m^)  ûp(p ;  m^)  1 / 2  ( 2 . 1 1 )  
where the f i rs t  par t  i s  the po le  term and the second par t  i s  the in tegra l  
o f  the spect ra l  funct ion  t imes the Feynman propagator  over  the cont inuum.  
Here (  .  .  = s f z .  6. . ,  and is  the two-par t ic le  in termedia te  s ta te  
~  1J '  '  J  
th resho ld .  Thus fa r  we have been dea l ing  w i th  s tab le  par t ic les ,  s ince 
the ex is tence o f  the i ree f ie lds  impl ies  the LSZ weak convergence l im i t  
as  t  - •  +  °° .  To genera l ize  the formal ism to  inc lude unstab le  par t ic les ,  
one can e i ther  take the approach o f  Coleman and Schn i tzer  (3) ,  wh ich is  
1 1  
to  take the po le  approx imat ion and le t  the masses become complex^  o r  one 
can drop the po le  term and assume that  the spect ra l  funct ion  conta ins  a  
Bre i t -Wigner  type o f  mass d is t r ibu t ion ,  so that  the in tegra l  over  the 
cont inuum g ives a  propagator  w i th  complex  masses.  in  e i ther  case we 
obta in  a propagator  w i th  po les  on the unphys ica l  sheet  o f  the complex  
p^  p lane,  
A '  (p)  =  Z^ /2  (p2 ,  _ MQ)  ^  (2 .12)  
2 2 
where now the e lements  o f  M have the form m.  -  im.y . ,  and the 7.  
are  the decay w id ths  o f  the resonances.  The propagator  fo r  the unmixed 
SU (3)  f ie lds ,  <p. ,  i s  g iven by 
4 /9 .  (x -y)  =  - i  <0 lT [ (p . (x )  P j^ (y ) } |0> (2 .13)  
=  - i  <o1t {U~^.^  Y^(x)  Y , f (y )  
"  ^  i k  k l  ^ I j '  
w i  th  
M ^  =  U" '  Mo U,  (2 .  14)  
~9  ~  ~  ~  
2 
and the e lements  o f  M are  now complex .  
«^9 
C.  The S-Mat r ix  in  Terms o f  the SU(3)  F ie lds  
Cons ider  the  S-mat r ix  e lement  fo r  scat ter ing  f rom some in i t ia l  two-
par t ic le  s ta te  |a : .^ )  to  some two-par t ic le  f ina l  s ta te  media ted by  
the in terpo la t ing  f ie lds  Y.  by  means o f  an in terac t ion  l inear  in  the f ie lds  
H,  +  
For  example ,  a  sca lar  in terac t ion  may be wr i t ten  in  the form 
fa  + V2) '  
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t  
where a .  Y .  i s  the in terac t ion  determin ing the decay o f  the Y .  in to  the 
two-par t ic le  s ta te  $ |O)  =  |a ) ,  w i th  form fac tor  a . .  Here we are  t reat ing  5 "*"1 
a  '  "  • " i  
the two-body in i t ia l  and f ina l  s ta tes  on ly  symbol ica l ly  s ince our  main  
purpose is  to  invest iga te  the form o f  the propagator  o f  the in terpo la t ing  
f ie lds  Y.  and (p . .  Car ry ing out  the usua l  procedures fo r  the reduct ion 
o f  the S-mat r ix  (2 ) ,  we obta in  
Spa =  <Pout '  P , )  (2 - '6 )  
pa 
where K =  O ^ +  rn„^ and K =  O ^ operate only on the T-function,  X '—^x P y y C( 
which is given,  to second order in Hj ,  by 
Tpa(X 'y )  =  (o |T [$p(x)  $Qf(y) ] |o> (2 .17)  
=  ( - i )^Jd^y^d\^ [ [  iDp(x-xp] [  ip -A°(x^-y j )  -a lC iD^(y^-y) . ] }  ,  
where 
iDp(x-X j )  =  <0)Tf^ ' "p(x)  j ( x j ) }  1 O) ; ,  
K^ 'Dp(x-X j )  =  6  (x -X j ) ,  
and s imi la r ly  fo r  D^(y-y^) .  In  momentum space,  the  S-mat r ix  takes the form 
SpQ(Pf ,P; )  =  ôpg -  (2* )4 ;  PoT 'pp" '  A^XPf-P; )  {P '4 f ( t ) .a : } ,  
where t  is  the four -momentum t ransfer  and p^ ,  are  the dens i t ies  o f  
s ta tes  fo r  the in i t ia l  and f ina l  two-body s ta tes .  The T-mat r ix  i s  def ined 
TpQ,(Pf ,P i )  =  P-A°( t ) -a .  (2 .19)  
The coup l ing  o f  the s ta tes  la )  and [p )  to  the unmixed f ie lds  is  g iven by 
H.  =  •  U (p  +  fO^ '  a  jg  (2 .20)  
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t -t -t 
= JP P g"  P  +<P 'O g Jg, 
where 
-» t-* 
=  L) a ,  (2 .21)  
and 
t -•t 
9g ' f 
2 In  terms o f  the mass m a t r i x  j  the  T - m a t r i x  b e c o m e s  
Tpa = Ë^'(t 2 - -a (2-22) 
= u  A ( t )  u"^  -a  
^ ^ 9 /-S_, 
' K -  i - v  
where 2 .12 -  2 .14 have been used.  Here and are  the SU(3)  coup l ing  
constants  (unrenorma1ized) .  The coup l ing  constants  are  cons idered to  
exh ib i t  SU(3)  symmetry  in  the sense tha t  the product ion and decay ampl i ­
tudes fo r  the "par t ic les"  cor responding to  the (p .  f ie lds  in to  the s ta tes  
|a )  and |  p)  car ry ing representa t ions o f  SU (3)  a re  products  o f  SU (3)  
C lebsch-Gordan coef f ic ien ts  and reduced mat r ix  e lements .  
D.  Mix ing o f  Boson F ie lds  w i th  Sp in  
The formal ism deve loped by  R ivers  (4)  fo r  propagators  o f  sp in  j  
f ie lds  assoc ia tes  w i th  the spect ra l  funct ion  a  pro jec t ion  operator  
P(^) (^ ) (p) ,  ( / i )  = u . .  . f j.y which i s  the sum o f  products  o f  the sp in  
1 p ro jec t ion  operator^  
^1M7 " ^M7 
The f ree f ie lds  are  def ined by the Four ier  decompos i t ion  
M (^) f * a 
' (P)  fp(x)  +  a (2 .23 )  
whe re  
]4  
[a+ ' " (^ ) . (p) ,  =  Ô.ô^(p  -  p ' ) ,  
(m) — M-1^^2J • • • ^ Mj J for /i. = 
( k )  = for  =  ] ,2 , . . . ,2 j+1,  
and P[u) (y ) (p)  '  ^  the  sum o f  products  o f  the sp in  1 p ro jec t ion  operator .  
The f ree f ie ld  spect ra l  funct ion  is  def ined by  
P°(^ )  (p)  =  S  f i^ (Pn-p)<0 i  (2 .24)  
2 
Tak ing S- •  E  Jd p S to  def ine the sum over  in termedia te  s ta tes ,  we 
n  r= l  \  
obta i  n  
P°WW' ' (P)  =2 jd3p/ (p„ -p) f^^ (0)6 '^Ee(^ /^ ) (p„ )a(^ /^ ) (p„ )6^ j fp^0)  
=  L6,^6^ jS(p^  -  P( j , ) (^ ) (p)  e(p° )  
=  P(y) (^ ) (p)  P° ' - ' (P^)  8 (p° ) ,  
where 
pO: j (p2)  =  z  6.^6^ .  a fpZ-m^Z) ,  
r  
jus t  as  we had fo r  the sca lar  f ie lds .  Th is  leads to  a  sp in  j  propagator  
m m ' ' (2-25)  
- P°WW' ' (P)  f®(VVo'  
+G(y  -X )  e+:P ' ( * -y ) ]  
'o  o  
J"dm^ 4r(,,)(y) (x-y; 
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where 
^ (u)  (y)  ( " ' y -  ® - iJd^p6(p^-m^)8(p°)P(^) (y ) (p) (8(Xo-Yo)a '  P* ' " "V '  
+8(y;^Xg)e+'P'(*-Y)], 
the  Feynman propagator  fo r  sp in  j  f ie lds .  The Feynman propagator  in  
momentum space i s  
inser t ing  th is  express ion in to  2 .25,  we obta in  the express ion fo r  the 
f ree f ie ld  propagator  in  momentum space ,  
^°(M ) (7)p° ' j (m^)P(^) (y ) (p) (P^-  m^ + i€) "^  (2 .26)  
" P(w) (7 ) (P)  +  IE) - '  ,  
where a l l  the sp in  dependence i s  conta ined in  the pro jec t ion  operator  
The propagator  fo r  the in terpo la t ing  f ie lds  deve loped by  
R ivers  (4)  conta ins  terms cor responding to  cur rent  d ivergences and t races 
o f  the f ie lds ,  app l icab le  to  the genera l  case.  For  s impl ic i ty ,  we assume 
_ j that  the  sp in  2  f ie lds  o f  in teres t  here  conta in  no sp in  1 o r  sp in  0  com­
ponents  cor responding to  these ex t ra  terms.  The propagator  fo r  the in ter ­
po la t ing  f ie lds  Y^^^(x)  i s  def ined by 
(M ) (7) ^  - i<0 lT [Y ' (^ ) (x )  YJ(y) f (y ) ] |0> (2 .27)  
~  (^ ) ( * )  ^  (y) (y )  ] )o ) ]u  ^ j  
= "ik (7) (*-y) 
which re la tes  the mixed to  the unmixed propagators .  
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Tak ing the Four ier  t ransform o f  2 ,27,  we f ind  the momentum space propagator  
fo r  the in terpo la t ing  f ie lds  
^ ^ ( w ) ( 7 ) =  l o  -  m ^  +  i e )  \  ( 2 . 2 8 )  
wh ich a l lows the def in i t ion  
"  r (w)(7) (P)  A ' ' J (p) ,  (2 .29)  
w i th  the las t  fac tor  on the r igh t  hand s ide def ined in  2 .10.  
From th is  form i t  is  ev ident  tha t  the sp in  dependence o f  the T-mat r ix  
can be inc luded in  the form fac tors ,  as  in  2 .22.  S ince we are  us ing the 
f ie ld  theory  formal ism on ly  as a  bas is  fo r  a  cons is tent  nota t ion ,  we sha l l  
not  dea l  w i th  the compl ica t ions ar is ing f rom the use o f  h igh-sp in  f ie lds .  
The purpose here  i s  s imply  to  es tab l ish  a fo rmal ism in  which un i ta ry  
symmetry  may be exp lo i ted in  a cons is tent  and sys temat ic  manner .  The so le  
ob jec t  o f  the forego ing t reatment  i s  to  demonst ra te  tha t  the inc lus ion o f  
sp in  need not  be an essent ia l  compl ica t ion  in  app ly ing the theory  in  a 
phenomenolog ica1 f ramework .  
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I I I .  REPRESENTATION MIXING AND THE TV IN-PEAKED A MASS DISTRIBUTION 
A.  In t roduct ion 
Exper imenta l  groups a t  CERN (5 .a) ,  (5 .b)  and Brookhaven Nat iona l  Labora­
tory  (5 .c )  have es tab l ished the ex is tence o f  a  tw in-peaked meson mass d is t ­
r ibu t ion  centered a t  1297 MeV in  the react ion  
+  p -  X (miss ing mass)  +  p .  (3 .1)  
Decay modes fo r  the "miss ing mass"  meson resonance X — 77+j r  and X K +K°  
s tud ied by  BNL (5-c)  ind ica te  that  the quantum numbers  o f  X a re  those 
usua l ly  assoc ia ted w i th  the A2(1300)  meson,  wh ich i s  thought  to  be the 
isovector  component  o f  a  tensor  (sp in  2)  oc te t .  A s ing le  Bre i t -Wigner  
resonance ampl i tude g ives an ex t remely  poor  f i t  to  the tw in-peaked mass 
d is t r ibu t ion ,  ind ica t ing  the ex is tence o f  a  second Ag ' type meson w i th  a  
mass c lose to  that  o f  the Agf lSOO).  We ass ign th is  new meson to  a 27-d imen-
s iona l  i r reduc ib le  representa t ion  o f  SU(3)  and show that  the representa t ion  
mix ing formal ism g ives an exce l len t  f i t  to  not  on ly  the tw in-peaked mass 
d is t r ibu t ion  seen by  these exper imenta l  g roups,  but  a lso  to  some o ther  data  
in  which s ing le-A^ meson models  seem to  fa l te r  (6) ,  (7 ) .  
A model  in  which the 27-p le t  ar ises  natura l ly  in  con junct ion  w i th  o ther  
known meson mul t ip le ts  w i th  pos i t i ve  par i ty  is  the quark  model  (8 ) .  The 
s imples t  conf igura t ion  o f  quarks  which inc ludes a  27 -p le t  i s  the s-wave 
(zero  orb i ta l  angu lar  momentum) four -quark  s ta fe '  |  qqqq) ,  wh ich has the 
group decompos i t ion  
3 x 3 x ^ x ^ = 2 7 +  1 0  +  T Ô + 8 + 8 + 8 + 8  +  1 +  1 .  
S ince mesons be long to  se l f -con jugate  mul t ip le ts ,  the 10 and 10 are  ne­
g lec ted.  Th is  leaves the usua l  four  oc te ts ,  labe l led  by ) ,  A j ( l  ) ,  
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B( l^ ) ,  and r r^ (o" ' " ) ,  two s ing le ts ,  labe l led  by f  (2^)  and and the 
27 -p le t ,  wh ich we sha l l  labe l  by  A2 ' (2 '^ ) .  Hence the s-wave,  four -quark  
s ta tes  prov ide a  bas is  fo r  a l l  the known pos i t i ve-par i ty  mesons,  p lus  a  
few which are  not  so  we l l  known.  S ince the isovector  component  o f  the  
27 -p le t  has i t s  o ther  quantum numbers  ident ica l  to  those o f  the A2(2^)  
i sovector ,  some mix ing may be expected to  occur  between these representa­
t ions  as we l l  as  the  usua l  s ing le t -oc te t  mix ing( l ) .  The formal ism o f  the 
quark  model  has notbeenused in  the deve lopment  o f  our  theory ;  use has been 
made o f  the SU(3)  CIebsch-Gordan coef f ic ien ts  re la t ing  the var ious coup l ing  
constants  on ly .  The above i s  in tended to  demonst ra te  a  model  in  which the 
ass ignment  o f  the  A^ '  to  a 27 -p le t  i s  a  natura l  and usefu l  assumpt ion.  
B.  The T-Mat r ix  fo r  the Genera l  Mix ing Case 
As deve loped in  the prev ious chapter ,  mix ing o f  the SU(3)  s ta tes  
2 gives r ise  to  a mass mat r ix  ,  wi th  e lements  usua l ly  cons idered to  
cor respond to  mat r ix  e lements  o f  an in terac t ion  H j .  The mass mat r ix  
has the genera l  fo rm 
(3 .2)  
wh ich,  to  lowest  o rder  in  H j ,  i s  g iven by 
D. .  -  i  A.^ .  =  JdE ( * ; |H | | * j )  (E -  +  l€ )~ \  (3 .3)  
Invar iance under  TCP impl ies  that  
^21 ^2 ]  -  '  ^ 2 1  *^12 ~  '  ^12 *  (3 -4)  
Th is  const ra in t  must  be sa t is f ied  for  the mass mat r ix  der ived in  Chapter  
11,  s ince TCP invar iance must  ho ld  fo r  LSZ f ie ld  theory .  
2 in  the prev ious chapter  the  mass mat r ix  M i s  def ined by the inverse 
~9 
2 
of  a  un i ta ry  t ransformat ion o f  the d iagona l  mass mat r ix  M .  Def in ing the 
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uni tary  mat r ix  U by  
u .  13-
u =  ad -  bCj  
and choos ing u  rea l j  we obta in  
( 3 . 5 )  
= U" '  - 1 / 2  u 
,  b"  d " j  
•>V /V 
which g ives a  =  d ,  b  =  -c  ,  and 
=  u  - 1 / 2  
d -b  
-c  
U =  u  
Then 
- 1 / 2  a b  
-b"  a ' '  
(3 .6)  
M ^  =  U~'  U =  -
,—' u 
Vc 2 , Vv- 2 
aa m^ +  bb m^ 
u'V 2 2, 
^ab (m,  -  m„  )  
"Y/  2  2  .  
a b(mj  -  ;  
bb m^ + aa nig 
( 3 . 7 )  
2 2 
where m.  - •  m.  -  im.y . ,  j  = 1 ,2 ,  are  the complex  masses o f  the phys ica l  
s ta tes .  Hence we can ident i fy  
2  . . .  T .  - 1r  *  2  .  2  (3 .8)  Mj -  iMj  F j  =  u  [aa"m^ +  bb m2 -  i (aa"mj7^  +  bb ,  
2 "1 *"*' 2 ^ ^ 2 Vc 'i\ "* 
-  iM^ =  u  {bb"m^ +  aa '^m^ -  i  (bb +  aa mg^g) ) ,  
2  "•  1  'V 2  2  *î  
=  0 ,2  ~ ' ^12 "  fa"b(m^ -  )  -  i  a 'b(m^7^ "  ,  
^21 =  ^12 ~ 'A ]2  ^  (m,^  -  -  i  ab"(mj7^  -  m272)L 
and the TCP cond i t ion  3 .4  on the o f f -d iagona l  e lements  i s  automat ica l ly  
sa t  i s f ied .  
A 2x2 un i ta ry  mat r ix  has four  f ree parameters  wh ich can be represented 
20 
by 
P =  0  +  i  (p j  (3 .9)  
- 1 / 2  
u a -*  a  cos 
u  b  -»-b  s in  P,  
where a  and b  have been redef ined,  and 
a  cos p  b  s in  p  
U =  
I  -  b s  i  n (3 a  cos  p  j 
With  th is  parameter iza t ion  o f  the U mat r ix ,  3 .8  becomes 
2 2 2 2 2 2 2 
M ^  =  a  I  cos p |  m,  +  b |s in  p |  mig (3 .10)  
M  2  , 2 | . „ | 2  2  2  I  ^ | 2  2  
= b  I  s  in  P|  m^ +  a |cos  P|  ,  
2 Vr 2 2 
= ab cos P s in  P (m^ -  m^ ) ,  
2 Vv 2 
Mg]  =  ab cos P s in  P (m^ -  m^2) ,  
2 2 
where a l l  the masses are  cons idered to  be complex ,  m.  m.  -  im.v . ,  e tc .  
J  J  J  J  
The procedure app l ied  fo r  s ing le t -oc te t  representa t ion  mix ing takes 
a  =  b  =  1 ,  cp =  0 ,  and p  =  0 .  Th is  i s  the sca lar  mix ing case t reated by 
Coleman and Schn i tzer  (3)  and by  R ivers  (4) .  in  th is  case we obta in  
M^^ =  cos^0 m^^ +  s in^0 y (3 .11)  
2 2 2 2 2 
= s in  0  m^ +  cos 0  mg ,  
= M2]^  =  J  tan 20 (m^^ -  .  
In  terms o f  the SU(3)  coup l ing  constants ,  the  T-mat r ix  2 .22 c^n be wr i t ten  
in  the form 
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I 2 2 
" 2  t a n  2 0  ( m  ^  -  m g  )  
( 3 . 1 2 )  
= ( f , , fp_l^ 
1 2 2 
- r  t a n  2 0  ( m ,  -  m „  )  G ,  
( t  -  n i j ^ )  ( t  -  m ^ )  G  2 /  
T h e  F ' s  a n d  G ' s  a r e  t h e  v e r t e x  f u n c t i o n s  c o n s i s t i n g  o f  t h e  p r o d u c t s  o f  
C l e b s c h - G o r d a n  c o e f f i c i e n t s  a n d  t h e  a p p r o p r i a t e  r e d u c e d  m a t r i x  e l e m e n t s  
d e s c r i b i n g  t h e  p r o d u c t i o n  a n d  d e c a y  o f  t h e  s t a t e s  c a r r y i n g  i r r e d u c i b l e  
r e p r e s e n t a t i o n s  o f  S U ( 3 ) .  
w h e r e  X  m a y  b e  e i t h e r  t h e  o c t e t  i s o v e c t o r  d e n o t e d  b y  o r  t h e  27- p l e t  
i s o v e c t o r  d e n o t e d  b y  W e  s h a l l  a s s u m e  t h a t  t h e  p r o d u c t i o n  i s  p r e ­
d o m i n a n t l y  d u e  t o  p  a n d  7 7  e x c h a n g e  b e t w e e n  t h e  i n c i d e n t  p i o n  a n d  t h e  
t a r g e t  p r o t o n ,  a s  d e p i c t e d  i n  t h e  d i a g r a m  i n  F i g .  1 .  T h e  d i f f e r e n t i a l  
c r o s s  s e c t i o n  i n  t e r m s  o f  t h e  t o t a l  c e n t e r  o f  m a s s  e n e r g y  t  o f  t h e  t w o -
p a r t i c l e  f i n a l  s t a t e  j x ^ x g )  c a n  b e  w r i t t e n  i n  t h e  f o r m  
C .  T h e  A g  M a s s  D i s t r i b u t i o n  w i t h  S c a l a r  M i x i n g  
T h e  r e a c t i o n  i n v e s t i g a t e d  h e r e  i s  
I t  +  p  X  +  p  ( 3 . J 3 )  
p + s t j T j  +  T i j K  + 
^ -  kf  l^ f l  ;  ( 3 . 1 4 )  
w h e r e  i s  a  p h a s e  s p a c e  f a c t o r ;  t h e  d e p e n d e n c e  o f  T ^  o n  t h e  r e m a i n i n g  
v a r i a b l e s  h a s  b e e n  n e g l e c t e d .  T h e  T - m a t r i x  h a s  t h e  f o r m  
(3.15) 
F i g .  1 .  E x c h a n g e  D i a g r a m  f o r  t h e  R e a c t i o n  n  +  p  X  +  p  
H e r e  X  i s  e i t h e r  t h e  o c t e t  ( A - )  o r  t h e _ 2 7 - p l e t  ( A g ' ) .  T h e  f i n a l  s t a t e  p a r t i c l e s ,  
X j  a n d  c a n  b e  e i t h e r  p - n ,  ,  o r  K  - K  .  
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w h e r e  
C  . E " ' " f '  ^ I N N  ,  r  =  P ,  T ) ,  
1 ^  ^  t  -  m .  i  
a n d  s i m i l a r l y  f o r  G ' .  T h e  F ' s  a r e  t h e  f o r m  f a c t o r s  f o r  p r o d u c t i o n  ( o r  
d e c a y )  i n t o  w h i c h  h a s  b e e n  i n c o r p o r a t e d  a l l  t h e  s p i n - d e p e n d e n t  f a c t o r s  f r o m  
t h e  n u m e r a t o r s  o f  t h e  p r o p a g a t o r s .  T h e  h e l i c i t y  a n d  i s o s p i n  l a b e l s  h a v e  
a l s o  b e e n  s u p p r e s s e d .  T h e  m i s s i n g - m a s s  s p e c t r o m e t e r  m e a s u r e s  e s s e n t i a l l y  
t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  f o r  a l l  f i n a l  d e c a y  s t a t e s .  S i n c e  t h e  d a t a  
Û r e  i n  t h e  f o r m  o f  n u m b e r  o f  e v e n t s / M e V  v e r s u s  t ,  a n d  t h e  s h a p e  o f  t h e  m a s s  
d i s t r i b u t i o n  i s  a p p a r e n t l y  i n d e p e n d e n t  o f  t h e  i n c i d e n t  p i o n  m o m e n t u m ,  t h e  
p h a s e  s p a c e  f a c t o r s  h a v e  b e e n  n e g l e c t e d  i n  o b t a i n i n g  n u m e r i c a l  f i t s  t o  t h e  
d a t a .  
I n  o r d e r  t o  m i n i m i z e  t h e  n u m b e r  o f  f r e e  p a r a m e t e r s ,  t h e  s c a l a r  m i x i n g  
f o r m  h a s  b e e n  a d o p t e d .  T h i s  i m p l i e s  t h a t  t h e  u n i t a r y  t r a n s f o r m a t i o n  ( J  
r e l a t i n g  t h e  m i x e d  s t a t e s  t o  t h e  u n m i x e d  s t a t e s  i s  g i v e n  b y  
u = 
'  c o s  0  s i n  8  
~ s i n  0  c o s  0  
(3 .16)  
B o t h  t h e  o c t e t ,  a n d  t h e  2 7 - p l e t ,  h a v e  t h e  q u a n t u m  n u m b e r s  
l ^ ( j ' ' ) C  =  1  ( 2 ^ )  +  .  U s i n g  t h e  S U  ( 3 )  C 1  e b s c h - G o r d a n  c o e f f i c i e n t s  o f  M c N a m e e  
a n d  C h i l t o n  ( 9 ) ,  w e  o b t a i n  t h e  r e l a t i o n s  b e t w e e n  t h e  v a r i o u s  c o u p l i n g  
c o n s t a n t s .  F o r  t h e  o c t e t ,  t h e  c o u p l i n g  c o n s t a n t s  o f  i n t e r e s t  h e r e  a r e  
d e f i n e d  b y  
( A g l p . )  f r v p ,  ( 3 . 1 7 )  
(a jhx) «tvp'  
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(A^IkK)  D y p p ,  
a n d  =  F ^ - j - p p  =  0  b y  C  ( o r  G )  i n v a r i a n c e .  F o r  t h e  27- p l e t ,  
<a2' |%^) =  ^  d '^pp, (3.18) 
2  I  ~  "  T P P '  < A  ' 1 K K >  =  - ^  D '  
/5 
(ag' lp")  = 0,  
a n d  D ' ^ y p  =  0  b y  G  i n v a r i a n c e .  I n  t h e s e  d e f i n i t i o n s ,  t h e  s u b s c r i p t s  
T  ( t e n s o r ) ,  V  ( v e c t o r )  a n d  P  ( p s e u d o s c a  1  a r )  d e s c r i b e  t h e  s p i n  a n d  p a r i t y  
o f  t h e  p a r t i c l e  s t a t e s .  I n  t h e  f o l l o w i n g  t h e s e  s u b s c r i p t s  w i l l  b e  o m i t t e d  
u n l e s s  t h e y  a r e  r e q u i r e d  f o r  c l a r i t y .  
N o t e  t h a t  ( I K  K  )  v a n i s h e s  b e c a u s e  ;  o t h e r w i s e  i t  w o u l d  
b e  p r o p o r t i o n a l  t o  F ,  w h i c h  i s  k n o w n  t o  b e  l a r g e .  T h e  c o u p l i n g  c o n s t a n t s  
f o r  t h e  m i x e d  s t a t e s  a r e  d e f i n e d  b y  2 . 2 1 ,  
U  ,  ( 3 . 1 9 )  
g  . u '  C  ,  
w h e r e  h a s  b e e n  r e p l a c e d  b y  f ,  P  b y  F ,  q: ^  b y  a n d  c c  b y  G .  T h e  s c a l a r  
m i x i n g  f o r m  o f  t h e  U - m a t r i x  i n s e r t e d  i n t o  t h e s e  e x p r e s s i o n s  g i v e s  
'  v5 v5 
'  c o s  0  s i n  0  
(3.20) 
^  - s i n  0  c o s  0  
o r  
f . ^  =  -  D  c o s  0  ( 1  +  • ^  r  t a n  0 )  
f „  =  -  D  c o s  0  ( t a n  6  ~  T  r ) ,  
v5 ^ 
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w h e r e  r  =  ~  .  S i m i l a r l y ,  
^  D  c o s  0  (  1  -  r  t a n  8 ) ,  
^ 5  
( 3 . 2 1 )  
f V  _  " Z k  Q  c o s  0  ( t a n  8  +  - ^  r ) ,  
/5 
D 2 f  =  —  F  c o s  0 ,  a n d  
V *3 
f P  =  —  F  s i n  0 .  
^3 
i n  t e r m s  o f  t h e  p h y s i c a l  ( m i x e d )  s t a t e s  a n d  t h e i r  a s s o c i a t e d  c o u p l i n g  
c o n s t a n t s ,  t h e  T - m a t r i x  b e c o m e s  
'  _ 0 ^ 
t f  = < 
t  -  m  
1 
t  -  m .  
9 l ^  
92 
(3 .22 )  
T h e  d i f f e r e n t i a l  c r o s s  s e c t i o n s  f o r  t h e  t h r e e  f i n a l  s t a t e s  o f  i n t e r e s t  
a r e  
d o  I  =  K | ^  I  | C I  9 | C o s  9 |  
kk 
1  +  —  r  t a n  0  
t  -  m .  
( t a n  0  -  —  r )  n  
t  -  m .  
, (3 .23)  
d a  '  
d t  
5  | D  9 ]  c o s  0 |  
ttir 
1  - " 2  r t a n  0  
t  -  m ,  
( t a n  0 + 2  r )  n  
t  - m .  
d a  
d t  
=  K p  J  I f  g , c o s  0 | ^  
pjr 
t  -  m ,  
+  n  t a n  0  
t  -  m - ' '  
w h e r e  n  =  9 2 ' ^ 9 ] '  
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F r o m  t h e  f o r m s  o f  t h e s e  e x p r e s s i o n s  i t  i s  e a s y  t o  s e e  t h e  s t r u c t u r e  
o f  t h e  m a s s  d i s t r i b u t i o n  f o r  s p e c i a l  v a l u e s  o f  t h e  p a r a m e t e r s .  I f  
2 D  ( (  a s  w o u l d  b e  e x p e c t e d  f r o m  t h e  o b s e r v e d  A „  b r a n c h i n g  r a t i o ,  t h e n  
t h e  m i s s i n g - m a s s  c r o s s  s e c t i o n  i s  d u e  m a i n l y  t o  t h e  p - n  d e c a y  m o d e ,  a n d  
t h e  d o u b l e  p e a k  r e s u l t s  f r o m  t h e  i n t e r f e r e n c e  b e t w e e n  t h e  t w o  p o l e s .  T h e  
s i n g l e  p e a k  o b s e r v e d  i n  t h e  K  - K °  d e c a y  m o d e  b y  B N L  ( S c )  w o u l d  r e s u l t  
f r o m  t h e  c o n d i t i o n  
t a n  8  %  Y  "  "3 ^  •  ( 3 - 2 4 )  
T h i s  c o n d i t i o n  a l l o w s  f o r  a  d o u b l e - p e a k e d  d i s t r i b u t i o n  f o r  t h e  r j - J t  d e c a y  
m o d e ,  a s  s u g g e s t e d  b y  t h e  B N L  d a t a .  W i t h  t h i s  i n t e r p r e t a t i o n ,  o n e  w o u l d  
2  H  
e x p e c t  t o  f i n d  t h a t  m ^  i s  t h e  m a s s  o f  t h e  A 2  ( m ^  =  1 3 1 1  + 5  M e V ,  
=  2  1  +  1 0  M e V )  a n d  m ^ ^  i s  t h e  m a s s  o f  t h e  ( m ^ ^  =  1 2 6 9  +  5  M e V ,  
=  2 4  +  1 0  M e V )  f o u n d  b y  t h e  B N L  g r o u p .  
—  o  
T h e  i m p o r t a n t  p o i n t  h e r e  i s  t h a t  t h e  a b s e n c e  o f  a  K  - K  p e a k  f o r  
L  p  +  
t h e  l o w e r  p o l e  d o e s  n o t  i m p l y  t h a t  t h e  A ^  c a n  n o t  h a v e  J  =  2  .  T h i s  i s  
a  c r i t i c a l  p o i n t  i n  f i t t i n g  t h e  d a t a  b e c a u s e  t h e  r a t h e r  s t e e p  a n d  d e e p  
d i p  i n  t h e  m a s s  d i s t r i b u t i o n  a t  1 2 9 7  M e V  r e q u i r e s  i n t e r f e r e n c e  b e t w e e n  
t h e  t w o  p o l e s ,  w h i c h  i n  t u r n  i m p l i e s  t h a t  t h e  t w o  c o r r e s p o n d i n g  r e s o n a n c e s  
m u s t  h a v e  e x a c t l y  t h e  s a m e  q u a n t u m  n u m b e r s ,  e x c e p t  f o r  t h e i r  S U ( 3 )  
r e p r e s e n t a t i o n  l a b e l s .  T h i s  i s  c o n f i r m e d  b y  t h e  f a c t  t h a t  t h e  c o n f i d e n c e  
l e v e l  ( i n d i c a t i n g  t h e  g o o d n e s s  o f  t h e  f i t )  f o r  t h e  c a s e  o f  t w o  n o n -
i n t e r f e r i n g  B r e i t - W i g n e r  r e s o n a n c e  a m p l i t u d e s  i s  n o t  s i g n i f i c a n t l y  b e t t e r  
t h a n  t h a t  o b t a i n e d  f o r  a  s i n g l e - p o l e  f i t .  
T a k i n g  3 . 2 4  a s  a n  e q u a l i t y ,  a n d  d e f i n i n g  
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€ = 
,  a n d  K  =  K .  |  F  g  ^  c o s  8 1  f o r  i  =  p ,  r j ,  K _ ,  ( t h e  s m a l l  p h a s e  
s p a c e  d i f f e r e n c e s  f o r  t h e  f i n a l  s t a t e s  a r e  b e i n g  n e g l e c t e d ) ,  w e  c a n  w r i t e  
t h e  c r o s s  s e c t i o n s  i n  t h e  f o r m  
2 
+  t a n ^ Q  J  ( 3 . 2 5 )  d o  
d  t  
f . K  
kk m, 
I'  
3 2 q 
-  t a n  Q  ^  " 2  t a n  0  
t  -  m .  t  -  n u  
d a  
d t  ptt  m .  
+  n  t a n  9  
m. 
d a  
d t  
=  E  ^  J  f o r  i  =  K K ,  r j j T j  p n .  
/ M M  i  i  
A n  e s t i m a t e  o f  t h e  m a g n i t u d e  o f  e  i s  o b t a i n e d  b y  s e t t i n g  
J f. r,. « j l ,  
r ^  at ^  
• J  d t  p n  
w h i c h  g i v e s  e  Z  0 . 3 .  
D .  R e s u l t s  o f  t h e  D a t a  F i t t i n g  
A s  r e v i e w e d  b y  B e n z ,  e t  a l .  i n  ( 5 . b ) ,  t h e r e  a r e  t h r e e  s i g n i f i c a n t l y  
d i f f e r e n t  d a t a  s e t s  r e l e v a n t  t o  t h e  m a s s  d i s t r i b u t i o n  a s s o c i a t e d  w i t h  t h e  
A g  m e s o n .  A  b r i e f  d e s c r i p t i o n  o f  t h e s e  d a t a  s e t s  f o l l o w s .  
I .  C E R N  m i s s  I n g - m a s s  s p e c t r o m e t e r  d a t a  ( 5 . a )  
T h e s e  d a t a  c o n s i s t  o f  a  c o m p i l a t i o n  o f  e v e n t s  s e e n  i n  t h e  r e a c t i o n  
3 . 1  a t  i n c i d e n t  p i o n  l a b  m o m e n t a  o f  6 . 0  a n d  7 . 0  G e V / c .  T h e  c o m p i l a t i o n  
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o f  o v e r  4 , 0 0 0  e v e n t s  i n  5  M e V  b i n s  i s  c h a r a c t e r i z e d  b y  a  p e a k  a t  1 2 8 2 . 5  
M e V ,  a  s h a r p  d i p  a t  1 2 9 7 - 5  M e V ,  a n d  a  p e a k  a t  1 3 1 2 . 5  M e V ,  w i t h  t h e  p e a k  
h e i g h t s  h a v i n g  a  r a t i o  o f  1 0 8 : 2 2 : 1 0 3  a b o v e  b a c k g r o u n d  ( i n  a r b i t r a r y  u n i t s ) .  
2 .  C o m p  i l a t  i o n  o f  b o s o n  s p e c t  r o m e t e  r  a n d  m l s s  i  n q - m a s s  d a t a  ( 5 • b )  
T h e  b o s o n  s p e c t r o m e t e r  g r o u p  a t  C E R N  r a n  t h e  s a m e  r e a c t i o n  a t  
i n c i d e n t  p i o n  m o m e n t a  o f  2 . 5 5 ,  2 . 6 0  a n d  2 . 6 5  G e V / c .  T h e  c o m p i l a t i o n  
o f  t h e  t w o  C E R N  e x p e r i m e n t s  ( i n  1 0  M e V  b i n s )  i s  c h a r a c t e r i z e d  b y  a  p e a k  
a t  1 2 8 5  M e V ,  a  s h a r p  d i p  a t  1 2 9 5  M e V ,  a n d  a  p e a k  a t  1 3 1 5  M e V ,  w i t h  p e a k  
h e i g h t  r a t i o s  6 3 : 1 8 : 7 2  a b o v e  b a c k g r o u n d  ( i n  a r b i t r a r y  u n i t s ) .  T h e  s h a p e s  
a n d  p e a k  p o s i t i o n s  o f  t h e  m a s s  d i s t r i b u t i o n s  a r e  s i m i l a r  f o r  a l l  t h e  
i n c i d e n t  p i o n  m o m e n t a .  S i n c e  t h e  c o m p i l a t i o n  o f  a l l  t h e  e x p e r i m e n t a l  
d a t a  f r o m  b o t h  C E R N  e x p e r i m e n t s  c a r r i e s  a n  i m p r e s s i v e  s t a t i s t i c a l  w e i g h t ,  
p r i m e  i m p o r t a n c e  w a s  a t t a c h e d  t o  t h e  p a r a m e t e r s  g i v i n g  t h e  b e s t  f i t  t o  t h e s e  
d a t a .  T h i s  i s  s i g n i f i c a n t  o n l y  b e c a u s e  i n  t h i s  c o m p i l a t i o n  t h e  h i g h e r  
p e a k  i s  s o m e w h a t  l a r g e r  t h a n  t h e  l o w e r  p e a k ,  w h i l e  t h e  r e v e r s e  o f  t h i s  
s i t u a t i o n  i s  s e e n  i n  d a t a  s e t  1 .  H o w e v e r ,  a s  w i l l  b e  s e e n ,  a n  e x c e l l e n t  
f i t  t o  t h e  c o m p i l e d  d a t a  a l s o  g i v e s  a  r e a s o n a b l e  f i t  t o  t h e  f i n e r - g r a i n e d  
d a t a  s e t  1 .  
3. B N L  80- i n c h  b u b b l e  c h a m b e r  d a t a  ( 5 . c )  
T h e  o u t s t a n d i n g  f e a t u r e  o f  t h e  bnl d a t a  i s  t h e  s i n g l e  p e a k  a t  I 3 I I  
M e V  s e e n  f o r  t h e  K  - K °  d e c a y  m o d e ,  w h i l e  t h e  m i s s i n g - m a s s  d i s t r i b u t i o n  i s  
seen as a double-peaked curve similar to the cern data.  Although the bnl 
s t a t i s t i c s  a r e  e x t r e m e l y  p o o r  c o m p a r e d  t o  t h e  c e r n  d a t a ,  i t  i s  f e l t  t h a t  
t h e  a b s e n c e  o f  t h e  s e c o n d  p e a k  f o r  t h e  K - K  d e c a y  m o d e  i s  a  f u n d a m e n t a l  
p r o p e r t y  o f  t h e  u n d e r l y i n g  p h y s i c s ,  a n d  a n y  a t t e m p t  t o  e x p l a i n  t h e s e  
p h e n o m e n a  s h o u l d  i n c l u d e  t h e  p o s s i b i l i t y  o f  s i n g l e  p e a k s  f o r  c e r t a i n  
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r e a c t i o n s  a s  w e l l  a s  d o u b l e  p e a k s  f o r  o t h e r s .  T h e  c o n d i t i o n  3 - 2 4  a u t o m a t i ­
c a l l y  p r o v i d e s  a  g o o d  f i t  t o  t h e  K  - K °  d a t a  s i n c e  i t  i m p l i e s  a  s i n g l e  
p e a k  a t  t h e  r e q u i r e d  m a s s .  F o r  t h i s  r e a s o n  n u m e r i c a l  f i t s  t o  t h e  B N L  
d a t a ,  w h i l e  r e a s o n a b l e ,  w e r e  n o t  g i v e n  a n y  s i g n i f i c a n c e .  I t  s h o u l d  a l s o  
b e  n o t e d  h e r e  t h a t  t h e  a b s e n c e  o f  t h e  l o w e r  p e a k  f o r  t h e  K - K  d e c a y  m o d e  
l  p •• ™ 
l e d  t h e  B N L  g r o u p  t o  t h e  c o n c l u s i o n  t h a t  s h o u l d  h a v e  J  = ] ,  3  -
T h i s  c o n c l u s i o n  i s  n o t  o n l y  u n n e c e s s a r y ,  a s  i s  e v i d e n t  b y  t h e  f o r m  o f  t h e  
c r o s s  s e c t i o n  i n  3 . 2 5 ,  b u t  a l s o  p r o v i d e s  a n  u n r e l i a b l e  f i t  t o  t h e  t w i n -
p e a k e d  m a s s  d i s t r i b u t i o n ,  s i n c e  i n  t h i s  c a s e  t h e r e  c o u l d  b e  n o  i n t e r f e r e n c e  
b e t w e e n  r e s o n a n c e s  w i t h  d i f f e r e n t  s p i n s  a n d  p a r i t i e s .  
A  l e a s t - s q u a r e s  f i t t i n g  p r o c e d u r e  u t i l i z i n g  t h e  M I N F U N  p r o g r a m  o n  t h e  
I o w a  S t a t e  U n i v e r s i t y  I B M  3 6 0 / 6 5  w a s  u s e d  t o  o b t a i n  a  s e v e n  p a r a m e t e r  
2 f i t  t o  t h e  c o m p i l e d  C E R N  d a t a  ( s e t  2 ) .  T h e  b e s t  f i t  h a d  x  =  5 . 2  f o r  
l 6  d a t a  p o i n t s  ( F i g .  2 )  w i t h  t h e  f o l l o w i n g  p a r a m e t e r s :  
m  J  =  1 3 0 9  M e V ,  7 ,  =  3 3  M e V ,  ( 3 . 2 6 )  
m ^  =  1 2 9 9  M e V ,  7 ^  =  2 4  M e V ,  
9  =  0 . 2 1 3  n  =  3 8 . 6 ° ,  
n  t a n  0  =  0 . 1 2  +  0 . 6 1  i .  
T h e  S U ( 3 )  m a s s e s  a n d  w i d t h s ,  f r o m  3 . 1 1 ,  a  r e  
=  1 3 0 1  M e V ,  =  2 9  M e V ,  
M g  =  1 2 9 6  M e V ,  =  2 7  M e V .  
2 T h e s e  s a m e  p a r a m e t e r s  g a v e  X  = 3 0  f o r  t h e  4 0  p o i n t s  o f  d a t a  s e t  1 .  S m a l l  
2 
d i f f e r e n c e s  i n  t h e  p a r a m e t e r s  w e r e  a b l e  t o  r e d u c e  t h i s  t o  X  =  2 5 ,  b u t ,  
a s  d i s c u s s e d  p r e v i o u s l y ,  t h e  f i t s  t o  s e t  2  w e r e  t a k e n  t o  b e  t h e  m o s t  s i g -
n i f i c a n t .  
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to 200 
LU 
100 
w 
1220 1260 1 3 0 0  
M I S S I N G  M A S S  
1 3 4 0  1380 MeV 
F i g .  2 ,  F i t  t o  t h e  C o m p i l e d  C E R N  M i s s i n g - M a s s  a n d  B o s o n  S p e c t r o m e t e r  D a t a  
T h i s  f i t  w a s  o b t a i n e d  u s i n g  t h e  a m p l i t u d e s  w h i c h  r e p r o d u c e  t h e  s i n g l e - p e a k e d  
d i s t r i b u t i o n  f o r  t h e  K - K  d e c a y  m o d e  s e e n  b y  t h e  B N L  g r o u p  ( 5 . c ) .  T h e  d a t a  w e r e  
t a k e n  f r o m  B e n z ,  e t  a l .  ( 5 . b ) .  
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S i n c e  e  i s  s m a l l ,  t h e  m a i n  p a r t  o f  t h e  m i s s i n g - m a s s  d i s t r i b u t i o n  
i s  d u e  t o  t h e  p - j r  d e c a y  m o d e ,  w h i c h  d e p e n d s  o n l y  o n  t h e  c o m b i n a t i o n  
n  t a n  0  =  ( g g / S j )  t a n  6 .  F o r  t h i s  r e a s o n  t h e  f i t  d o e s  n o t  s e r v e  a s  a  
c r i t i c a l  d e t e r m i n a t i o n  o f  t h e  m i x i n g  a n g l e ,  a n d  t h e  r e s u l t i n g  v a l u e s  o f  
t h e  S U ( 3 )  m a s s e s  a n d  w i d t h s  a r e  n o t  t o  b e  t a k e n  t o o  s e r i o u s l y .  
T o  s u m m a r i z e ,  w e  t h i n k  o f  t h e  t o t a l  m a s s  d i s t r i b u t i o n  t o  b e  m a i n l y  
t h a t  o f  t h e  p - j t  d e c a y  m o d e ;  t h e  T i - j t  d e c a y  m o d e  m a y  a l s o  g i v e  a  d o u b l e -
p e a k e d  d i s t r i b u t i o n ,  w h i l e  t h e  K - K  d e c a y  m o d e  g i v e s  a  s i n g l e  p e a k  c e n t e r e d  
a t  t h e  p o s i t i o n  o f  t h e  h i g h e r  m a s s ,  s e r v i n g  t o  i n c r e a s e  t h e  h e i g h t  o f  
t h e  h i g h  p e a k  w i L h  r e s p e c t  t o  t h a t  o f  t h e  l o w  p e a k .  T h i s  s i t u a t i o n  i s  
r e f l e c t e d  i n  t h e  r e l a t i v e  p e a k  h e i g h t s  o f  t h e  c o m p i l a t i o n  o f  a l l  t h e  
C E R N  d a t a  ( s e t  2 ) .  B e c a u s e  o f  a  f o r t u i t o u s  r e l a t i o n  b e t w e e n  t h e  m i x i n g  
a n g l e  a n d  t h e  c o u p l i n g  c o n s t a n t s ,  3 . 2 4 ,  o n e  o f  t h e  m i x e d  s t a t e s  h a s  a  
v e r y  s m a l l  K - K  d e c a y  m o d e ,  w h i c h  a c c o u n t s  f o r  t h e  s i n g l e  p e a k  s e e n  b y  
B N L  f o r  t h i s  r e a c t i o n .  T h e  m i x i n g  f o r m a l i s m  t h e n  s e r v e s  t o  e s t a b l i s h  
r e l a t i o n s  b e t w e e n  s e v e r a l  s e e m i n g l y  i n d e p e n d e n t  p h e n o m e n a  w h i l e  r e t a i n i n g  
a l l  t h e  s u c c e s s e s  o f  p r e v i o u s  S U ( 3 )  m o d e l s .  
A s  m e n t i o n e d  b y  B e n z ,  e t  a l .  i n  ( 5 . b ) ,  a  d o u b l e - p e a k e d  d i s t r i b u t i o n  
w a s  o b s e r v e d  b y  A n g u i l a r - G e n i t e z ,  e t  a l . ,  f o r  t h e  d e c a y  o f  t h e  A ^  i n t o  
K j ° - K — ,  i n  w h i c h  c a s e  3 . 2 4  w o u l d  n o t  h o l d .  B y  r e l a x i n g  t h i s  r e q u i r e m e n t ,  
f i t s  w e r e  o b t a i n e d  t o  d a t a  s e t  1  ( w h i c h  h a s  e v e n t s  p l o t t e d  i n  5  M e V  b i n s )  
2 h a v i n g  %  = 2 0  f o r  3 3  d e g r e e s  o f  f r e e d o m .  T h e  m a s s e s  a n d  w i d t h s  o b t a i n e d  
f r o m  t h e s e  f i t s  a r e ;  
m  1 2 9 9  M e V  7 ,  =  6 6  M e V  ,  (3 .27)  
=  1 2 9 9  M e V ,  7 2  =  U  M e V  
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T h e  m i x i n g  a n g l e  w a s  0 =  O .O6 ir =  1 0 . 8 ° ^  w h i c h  g i v e s  f o r  t h e  S U ( 3 )  m a s s e s  
a n d  w i d t h s  
M ,  =  1 2 9 9  M e V ;  r.  = 65 M e V  J  (3.28)  
M  2 1 2 9 9  M e V ,  
=  1 5  M e V  .  
i n  t h i s  c a s e ,  a l l  t h e  p a r a m e t e r s  w e r e  t a k e n  t o  b e  r e a l ,  a n d  t h e  f i n e r -
g r a i n e d  d a t a  s e t  1  w a s  u s e d  b e c a u s e  t h e  r e l a t i v e  p e a k  h e i g h t s  n o  l o n g e r  
r e t a i n  t h e  s i g n i f i c a n c e  a t t a c h e d  t o  t h e m  i n  t h e  p r e v i o u s  c a s e .  
T h e s e  m a s s  a n d  w i d t h  v a l u e s  a r e  n o t  v e r y  d i f f e r e n t  f r o m  t h o s e  
e x p e c t e d  f o r  a  d o u b l e - p o l e  m o d e l  ( 1 0 ) ,  i n  w h i c h  t h e  d i p o l e - s h a p e d  m a s s  
d i s t r i b u t i o n  f o l l o w s  f r o m  a  d e g e n e r a t e ,  n o n - d i a g o n a l i z a b l e  2 x 2  m a s s  
m a t r i x .  T h e  p r e s e n t  i n v e s t i g a t i o n  d o e s  n o t  i n c l u d e  t h i s  c a s e  b e c a u s e  w e  
h a v e  a s s u m e d  t h e  m a s s  m a t r i x  t o  b e  d i a g o n a l i z e d  b y  t h e  u n i t a r y  m a t r i x  U ,  
w h i c h  d e f i n e s  t h e  m i x i n g  a n g l e .  
A l s o ,  t h e s e  m a s s  a n d  w i d t h  v a l u e s  a r e  m u c h  c l o s e r  t o  t h o s e  e x p e c t e d  
f r o m  p r e v i o u s  t r e a t m e n t s  o f  t h e  2 ^  o c t e t  b r a n c h i n g  r a t i o s ,  w h e r e  t h e  d e c a y  
w i d t h s  o f  t h e  o t h e r  i s o s p i n  m u l t i p l e t s  i n  t h e  o c t e t  a r e  o f  t h e  s a m e  o r d e r  
a s  7  J  i n  3 . 2 7 .  T h e  q u e s t i o n  o f  w h i c h  s e t  o f  m a s s  v a l u e s  s h o u l d  b e  
i n c o r p o r a t e d  i n t o  t h e  t h e o r y  d e p e n d s  o n  t h e  n a t u r e  o f  t h e  m a s s  d i s t r i b u t i o n  
f o r  t h e  K - K  d e c a y  m o d e ,  a n d  t h e r e f o r e  c a n  b e  r e s o l v e d  o n l y  b y  f u r t h e r  
e x p e r i m e n t a l  d e t e r m i n a t i o n  o f  t h e  s t r u c t u r e  o f  t h i s  m o d e .  
I t  i s  o f  i n t e r e s t  t o  k n o w  w h e t h e r  t w i n - p e a k e d  d i s t r i b u t i o n s  f o r  
o t h e r  c o n s t i t u e n t s  o f  t h e  t e n s o r  o c t e t  s h o u l d  b e  e x p e c t e d ,  o r  w h e t h e r  
m i x i n g  b e t w e e n  t h e  f ^ ,  f g ,  a n d  f ^ ^  ( i s o s i n g l e t s )  w o u l d  i n v a l i d a t e  t h e  
p r e v i o u s  s u c c e s s f u l  r e s u l t s  a c h i e v e d  i n  t r e a t i n g  f ^ - f g  m i x i n g  o n l y .  A s  
a n  i n d i c a t i o n  o f  w h a t  m i g h t  b e  e x p e c t e d ,  w e  c i t e  t h e  m i x i n g  f o r m a l i s m  o f  
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R e s n i k o f f  a n d  S i l b a r  ( 1 1 ) ,  w h o  d e r i v e  a  m a s s  f o r m u l a  f o r  t h e  p o s i t i v e -
p a r i t y  m e s o n s  i n  a n  S U ( 6 )  f r a m e w o r k .  T h e i r  f o r m a l i s m  d o e s  i n d e e d  p r o v i d e  
a  n o n - d i a g o n a l  m a s s  m a t r i x  f o r  t h e  o c t e t s  a n d  2 7 - p l e t s ;  h o w e v e r ,  t h e  
m i x i n g  o f  t h e  7 = 1 = 0  c o m p o n e n t s  ( f ^ ^ f g ^ f ^ y )  g i v e s  s i n g l e t - o c t e t  m i x i n g  
o n  1 ^  b e c a u s e  t h e  m a t r i x  e l e m e n t s  r e l a t i n g  f ^  a n d  f g  t o  f ^ ^  v a n i s h .  i n  
t h i s  i n s t a n c e ,  t h e  p r e v i o u s  t r e a t m e n t s  o f  f ^ - f g  m i x i n g  n e e d  n o t  b e  d i s ­
t u r b e d  b y  t h e  p r e s e n c e  o f  a  2 7 - p l e t .  T h e  m i x i n g  o f  t h e  i s o v e c t o r  c o m p o ­
n e n t s  w o u l d  p r o v i d e  a  n e w  m i x i n g  a n g l e ,  p r e s u m a b l y  u n r e l a t e d  t o  t h e  i s o -
s i n g l e t  m i x i n g  a n g l e .  
i n  t h e  d a t a  f i t t i n g  p r o c e s s  i t  w a s  f o u n d  t h a t  f o r  c e r t a i n  v a l u e s  o f  
t h e  p a r a m e t e r s  a  s i n g l e  b r o a d  p e a k  w a s  o b t a i n e d .  S i n c e  t h e  s h a p e  o f  t h e  
m a s s  d i s t r i b u t i o n  d e p e n d s  h e a v i l y  o n  t h e  a m o u n t  o f  i n t e r f e r e n c e  b e t w e e n  
t h e  p o l e s ,  a s  w e l l  a s  t h e i r  a b s o l u t e  a n d  r e l a t i v e  p o s i t i o n s ,  t h e  q u e s t i o n  
o f  w h e t h e r  d o u b l e - p e a k e d  s t r u c t u r e s  m a y  b e  e x p e c t e d  f o r  t h e  o t h e r  i s o s p i n  
m u l t i p l e t s  o f  t h e  t e n s o r  o c t e t  c a n  o n l y  b e  d e c i d e d  e x p e r i m e n t a l l y .  T h e  
t h e o r y  i s  c a p a b l e  o f  p r o d u c i n g  b o t h  n a r r o w ,  t w i n - p e a k e d  s t r u c t u r e s  a s  w e l l  
a s  b r o a d ,  s i n g l e - p e a k e d  s t r u c t u r e s .  
S o m e  o f  t h e  o t h e r  c o n s e q u e n c e s  o f  a s s u m i n g  t h e  e x i s t e n c e  o f  a  s p i n  2  
2 7 - p l e t  i n c l u d e  t h e  p o s s i b l e  e x i s t e n c e  o f  s t a t e s  w i t h  i s o s p i n  2 .  I n d i c a ­
t i o n s  o f  t h e s e  h a v e  b e e n  s e e n  o f f  a n d  o n  i n  v a r i o u s  e x p e r i m e n t a l  s t u d i e s ,  
b u t  n o  c o n s i s t e n t  d a t a  h a v e  y e t  b e e n  a c c u m u l a t e d  t o  f i r m l y  e s t a b l i s h  t h e i r  
s t a t u s .  S o m e  p  - n  p e a k s  h a v e  b e e n  d e t e c t e d  ( 1 2 ) ,  b u t  t h e s e  f a i l e d  t o  
"t" 
a p p e a r  i n  l a t e r  e x p e r i m e n t s .  T h e  s a m e  s i t u a t i o n  a p p l i e s  t o  s o m e  K  - K  
e n h a n c e m e n t s  d e t e c t e d  ( 1 2 ) .  T h e s e  i n d i c a t e  t h e  p r e s e n c e  o f  s t a t e s  w i t h  
i s o s p i n  1 ,  s t r a n g e n e s s  2 ,  w h i c h  m u s t  a l s o  b e l o n g  t o  a  2 7 - p l e t .  T h e  
d i f f i c u l t y  i n  d e t e c t i n g  t h e s e  s t a t e s  l i e s  i n  t h e i r  e x t r e m e l y  n a r r o w  d e c a y  
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w i d t h s ,  a s  s e e n  f r o m  b o t h  f i t s  t o  t h e  m a s s  d i s t r i b u t i o n ,  e s p e c i a l l y  
i n  3 * 2 7 .  M u c h  b e t t e r  d a t a  i s  n e e d e d  i n  t h e  e n e r g y  r a n g e  1 . 0  G e v  t o  1 . 6  
G e V  i n  o r d e r  t o  d i s e n t a n g l e  t h e  m e s o n  s t r u c t u r e  t h e r e .  
i n  t h e  f o l l o w i n g  c h a p t e r s ,  t h e  r e p r e s e n t a t i o n  m i x i n g  t h e o r y  i s  
a p p l i e d  t o  h i g h  e n e r g y  s c a t t e r i n g  r e a c t i o n s  i n  w h i c h  t h e  m e s o n  i s  
i n v o l v e d  i n  t h e  c r o s s e d  c h a n n e l  p r o c e s s .  T h e  p a r a m e t e r s  o b t a i n e d  a b o v e  
a r e  u s e d  i n  t h e s e  r e a c t i o n s  a n d  s u c c e s s f u l  f i t s  t o  t h e  r e l e v a n t  d a t a  a r e  
o b t a  i  n e d .  
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I V .  R E G G E F Z A T I O N  O F  T H E  M I X E D  A M P L I T U D E S  
A .  I n t r o d u c t i o n  
T h e  u s u a l  p r e s c r i p t i o n  f o r  a p p l y i n g  R e g g e  t h e o r y  ( 1 3 )  t o  h i g h  e n e r g y  
s c a t t e r i n g  i s  b a s e d  o n  t h e  a s s u m p t i o n  t h a t  t h e  p a r t i a l - w a v e  a m p l i t u d e s ,  
T j ( t ) j  a r e  m e r o m o r p h i c  f u n c t i o n s  o f  j  i n  t h e  c o m p l e x  j - p l a n e  ( n e g l e c t i n g  
h e r e  t h e  p o s s i b i l i t y  o f  b r a n c h  p o i n t s ) .  I n  t h e  c a s e  o f  s p i n l e s s  p a r t i c l e s ,  
t h e  f u n c t i o n s  T .  a r e  d e f i n e d  b y  
J  
T ( s , t )  = 1 :  ( 2 j + l )  T . ( t )  P .  ( c o s  0 ) ,  ( 4 . 1 )  
j  
w h i c h ,  w h e n  i n v e r t e d ,  g i v e s  
1 1 
T j ( t )  =  2  ( 2 j + l )  T ( s , t )  P j ( z )  ( 4 . 2 )  
=  F . ^ ' ( t  1  -  M  ^ ) ~ '  - G . ,  j  ~ ~g j  
w h e r e  z  =  c o s  9 ,  a n d  t h e  p a r t i a l - w a v e  f o r m  o f  t h e  T - m a t r i x  e l e m e n t  i n  
2 . 2 2  h a s  b e e n  u s e d .  F o r  t h e  c a s e  o f  a  s i n g l e  p o l e ,  t h e  p r e s c r i p t i o n  
a m o u n t s  t o  m a k i n g  t h e  c o r r e s p o n d e n c e  
" " i  ^ i  -  F ' ;  G ' .  ( 4 . 3 )  
t  -  m ^  ( j )  j  -  G ( t )  
2 2 2 
w h e r e  R e  M  ( j  =  j ^ )  =  m ^  ,  t h e  p h y s i c a l  m a s s ,  a n d  R e  « ( t  =  m  ^  )  =  j ^ ,  
t h e  p h y s i c a l  s p i n  o f  t h e  p a r t i c l e  s t a t e  a p p e a r i n g  i n  t h e  p r o p a g a t o r .  I f  
l i n e a r  R e g g e  t r a j e c t o r i e s  a r e  a s s u m e d ,  a ( t )  c a n  b e  w r i t t e n  i n  t h e  f o r m  
a ( t )  =  j  +  a '  ( t  -  m  ^ )  +  i  a .  ( t )  ( 4 . 4 )  
'  - ' o  o  i m  
= j ' O  + -  i  aj j^( t ) /o: ' ) } .  
a n d  t h e  r e l a t i o n  b e t w e e n  t h e  d e c a y  w i d t h ,  7 ^ ,  a n d  t h e  i m a g i n a r y  p a r t  o f  
t h e  t r a j e c t o r y  f u n c t i o n ,  c c . ^ ,  i s  
m  7  =  c e .  / a ' .  0 0  I  m  
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T h e  p o l e  o n  t h e  s e c o n d  ( u n p h y s i c a l )  R i e m a n n  s h e e t  o f  t h e  c o m p l e x  t - p l a n e  
c o r r e s p o n d s  t o  a  m o v i n g  R e g g e  p o l e  i n  t h e  c o m p l e x  j - p l a n e .  
S u p p o s e  w e  m a k e  a n  a n a l o g o u s  c o r r e s p o n d e n c e  f o r  t h e  m a t r i x  p r o p a g a t o r  
b y  t a k i n g  
T j ( t )  =  F ' ^  •  U  2  -  A ( t )  ) '  G '  (4 .5)  
w h e r e  
( j  1  -  A ( t )  )  =  
a n d  
(  j  1  -  A ( t )  )  
w i  t h  
J  -  a ,  ( t )  
- V  
2 1  
'  j  -  O g f t )  
^21 
1 2  
j  -
j  -  a , ( t )  I  
[ j  -  a+(t) ] r j  -  a_(t) ]  
a+(t)  = j  [a,  + «2 + [  
d e f i n i n g  t h e  e i g e n v a l u e s  o f  t h e  " s p i n "  m a t r i x  A ( t ) .  T h e  n e w  t r a j e c t o r i e s ,  
a ^ ( t ) _ ,  a p p a r e n t l y  h a v e  a  b r a n c h  p o i n t  w h e r e  t h e  q u a n t i t y  i n s i d e  t h e  s q u a r e  
b r a c k e t s  v a n i s h e s .  T h i s  c o m p l i c a t i o n  c a n  b e  a v o i d e d  i n  s o m e  s p e c i a l  c a s e s .  
F o r  e x a m p l e ,  t h e  c a s e  a n d  ^  T  j  2 ^ 2  ] 3 1  =  0  
, . 2 
c o r r e s p o n d s  t o  h a v i n g  u n m i x e d  t r a j e c t o r i e s  w h o s e  r e a l  p a r t s  c r o s s  a t  t  =  M  .  
I n  t h i s  c a s e ,  t h e  m i x e d  t r a j e c t o r i e b  a l s o  c r o s s  t h e r e ,  w h i c h  i m p l i e s  t h a t  
t h e  e i g e n v a l u e s  o f  t h e  m a s s  m a t r i x  a r e  d e g e n e r a t e .  T h e  c a s e  o f  a  n o n -
d i a g o n a l  i  z a b  l e  m a s s  m a t r i x  c o r r e s p o n d i n g  t o  t h i s  s i t u a t i o n  h a s  b e e n  t r e a t e d  
p r e v i o u s l y  ( 6 ) ,  ( 1 0 ) ,  a n d  i s  n o t  i n c l u d e d  i n  t h e  p r e s e n t  f o r m a l i s m .  
T h e  m o s t  s t r a i g h t f o r w a r d  p r o c e d u r e  f o r  t h e  R e g g e i z a t i o n  o f  t h e  m i x i n g  
f o r m a l i s m  i s  t o  a p p l y  t h e  u s u a l  c o r r e s p o n d e n c e  t o  t h e  a m p l i t u d e s  w r i t t e n  
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i n  t e r m s  o f  t h e  p h y s i c a l  ( m i x e d )  s t a t e s .  T h e  t - c h a n n e l  a m p l i t u d e  t h e n  
h a s  t h e  f o r m  
• '  j  -  a ,  ( t )  j  -  ( 4 . 6  )  
2  2  f  
w h e r e  R e  c c j  ( m ^  )  =  R e  0 : ^  ( m ^  )  =  2 _ ,  a n d  F j ^  i s  t h e  p r o b a b i l i t y  f o r  t h e  
p h y s i c a l  s t a t e  k  t o  d e c a y  i n t o  t h e  f i n a l  s t a t e  f ^  a n d  G j ^ '  i s  t h e  p r o b a b i l ­
i t y  f o r  t h e  p r o d u c t i o n  o f  t h e  s t a t e  k  f r o m  t h e  i n i t i a l  s t a t e  i ,  
A p p l y i n g  t h e  S o m m e r f c l d - W a t s o n  t r a n s f o r m  ( 1 3 )  w i t h  t h e  u s u a l  
a s s u m p t i o n s  o f  t h e  a n a l y t i c  s t r u c t u r e  o f  t h e  a m p l i t u d e s ,  w e  o b t a i n  t h e  
R e g g e  f o r m  o f  t h e  s c a t t e r i n g  a m p l i t u d e  
T ( s , t )  = D  ( 2 a . +  1 )  b . ( t )  e .  ( - z )  +  B a c k g r o u n d  i n t e g r a l ,  ( 4 . 7 )  
i  i  
w h e r e  b . ( t )  i s  t h e  r e s i d u e  o f  T j ( t )  a t  t h e  p o l e  j  = a . ( t ) ,  z  i s  t h e  c o s i n e  
o f  t h e  s c a t t e r i n g  a n g l e  i n  t h e  t - c h a n n e l  c e n t e r  o f  m a s s  s y s t e m ,  a n d  t h e  
b a c k g r o u n d  i n t e g r a l  i s  a s s u m e d  t o  b e  n e g l i g i b l e  c o m p a r e d  t o  t h e  c o n t r i b u ­
t i o n s  f r o m  t h e  R e g g e  p o l e s  a t  h i g h  e n e r g i e s .  T h e  s i g n a t u r e  f u n c t i o n  e .  i s  
d e f i n e d  b y  
1 + e" 
*  s i n  »  a . ( t )  '  
I 
w h e r e  t h e  +  i s  d e t e r m i n e d  b y  t h e  s p i n  o f  t h e  p a r t i c l e  l y i n g  o n  t h e  R e g g e  
t r a j e c t o r y  t h r o u g h  t h e  r e l a t i o n  ( - 1 ) ^  =  s i g n a t u r e  o f  s p i n  j  p a r t i c l e .  
B .  R e g g e i z a t i o n  o f  t h e  E t a  P i o n - P r o d u c t i o n  A m p l i t u d e s  
I n  a  t r e a t m e n t  o f  t h e  s - c h a n n e l  r e a c t i o n  
n  +  p  - >  T J  +  n ^  ( 4 . 9 )  
t h e  c o m p l i c a t i o n s  d u e  t o  t h e  s p i n  o f  t h e  n u c l é o n s  m u s t  b e  i n c l u d e d  i n  
d e r i v i n g  t h e  t - c h a n n e l  a m p l i t u d e s  w h i c h  a r e  t o  b e  R e g g e i z e d  .  F o r  t h i s  
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p u r p o s e  w e  n e e d  t h e  k i n e m a t i c  s i n g u l a r i t y - f r e e ,  p a r i t y  c o n s e r v i n g  h e l i c i t y  
a m p l i t u d e s  ( K S F P C H A )  w h i c h  a r e  d e r i v e d  i n  A p p e n d i x  A .  T h e s e  a r e  t h e  
a m p l i t u d e s  w h i c h  c a n  b e  c a s t  i n t o  t h e  s t a n d a r d  f o r m  d e v e l o p e d  b y  G e l l - M a n n ,  
e t  a l .  ( 1 4 ) ,  a n d  b y  W a n g  ( 1 5 ) .  I n  t h e  f o l l o w i n g  w e  s k e t c h  b r i e f l y  t h e  
d e r i v a t i o n  o f  t h e  R e g g e  a m p l i t u d e s  u s i n g  s o m e  o f  t h e  n o t a t i o n  o f  t h e  a b o v e  
r e f e r e n c e s .  
T h e  h e l i c i t y  a m p l i t u d e s  ( l 6 ) ,  ^ c d - a b '  d e f i n e d  b y  
< q f , c ; p ^ , d | s  -  l | q . , a ; p . , b )  = i  ( 2 j t )  ^ 5 ^  ( p ^ + q ^ - p  . - q  .  )  f ^ d i a b "  ( 4 . 1 0 )  
T a k i n g  t h e  s c a t t e r i n g  p l a n e  s u c h  t h a t  t h e  a z i m u t h a l  a n g l e  < p  =  0 ,  w e  d e f i n e  
t h e  p a r t i a l  w a v e  h e l i c i t y  a m p l i t u d e s  f ^ c d ' a b ^ ^ ^  t h e  e x p a n s i o n  
fcd;ab< = ' '> f^cd;ab( ' )  ,  d- i  0 
'  J  = m  
w h e r e  a  =  a - b ,  p  =  c - d , ,  m  =  m a x ( | a | , | p | ) ,  a n d  t h e  < ^ " ' ^ ^ ( 6 )  a r e  t h e  r o t a t i o n  
m a t r i c e s  w h e n  t h e  a z i m u t h a l  a n g l e  i s  z e r o .  T h e  s u m m a t i o n  i s  e x t e n d e d  o v e r  
a l l  t h e  i n t e g e r s  b y  m e a n s  o f  t h e  f u n c t i o n s  d e f i n e d  b y  G e l l - M a n n ,  e t  a l .  
( 1 4 ) ,  t h u s  e l i m i n a t i n g  t h e  p r o b l e m s  e n c o u n t e r e d  a t  n e g a t i v e  i n t e g r a l  j  i n  
t h e  p r o c e s s  o f  a n a l y t i c a l l y  c o n t i n u i n g  t h e  p a r t i a l  w a v e  h e l i c i t y  a m p l i t u d e s  
t o  t h e  c o m p l e x  j - p l a n e .  I n  t e r m s  o f  t h e  K S F P C H A  o f  W a n g  ( 1 5 ) ,  t h e  e x p a n ­
s i o n  4 . 1 1  b e c o m e s  
(o 
( ' )  + f  sab'"^ '  pc.  (8)3,  
(It. 12) 
w h e  r e  
f  ^ d ; a b <  =  ' "  '  f c d ; a b ( S ' t )  ±  " d  - d ; a b < = ' ' > '  
f c d ; a b ( S ' t )  ®  | ) I ° + P |  ^ 2  s i n  | ) ' °  ' ' '  f c d ; a b ' ® ' ' ' '  
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r j j i s  t h e  i n t r i n s i c  p a r i t y  a n d  s .  i s  t h e  s p i n  o f  p a r t i c l e  i .  T h e  d e f i n i ­
t i o n  i m p l i e s  t h a t  R e g g e  t r a j e c t o r i e s  o f  s i g n a t u r e  ( - l ) ^ i  = +  1  c o n t r i b u t e  
o n l y  t o  t h e  a m p l i t u d e  f —  w h e n  p a r i t y  i s  c o n s e r v e d .  A  s o m e w h a t  a b b r e v i ­
a t e d  d e r i v a t i o n  o f  t h e s e  f o r m u l a s  i s  g i v e n  i n  A p p e n d i x  B .  
F o r  e t a  p i o n - p r o d u c t i o n ,  r e a c t i o n  4 . 9 ,  o n l y  t h e  f ^  a r e  n o n z e r o  ( s e e  
A p p e n d i x  A ) ,  a n d  a f t e r  p e r f o r m i n g  t h e  S o m m e r f e 1 d - W a t s o n  t r a n s f o r m  o n  4 . 1 2 ,  
n e g l e c t i n g  t h e  i n t e g r a l s  o v e r  t h e  i n f i n i t e  c o n t o u r  i n  f a v o r  o f  t h e  R e g g e  
p o l e  t e r m s ,  t h e  a m p l i t u d e s  a r e  g i v e n  b y  a  s u m  o v e r  t h e  p o s i t i v e  s i g n a t u r e ,  
n a t u r a l  p a r i t y  R e g g e  p o l e s ,  
f c d . a b ' S ' C )  c o s  s i n  
H e r e  t h e  s i g n a t u r e  f a c t o r ,  f o r  t h e  A ^  a n d  A ^ '  t r a j e c t o r i e s  i s  d e f i n e d  
b y  
e j  =  ( 1  +  e  n a .  ( t )  ( 4 . 1 3 )  
a n d  t h e  ( n o w  r e d u n d a n t )  s u p e r s c r i p t s  +  h a v e  b e e n  s u p p r e s s e d .  
I t  i s  s h o w n  b y  W a n g  ( 1 5 )  t h a t  a l l  t h e  k i n e m a t i c  s i n g u l a r i t i e s  i n  
t h e  v a r i a b l e  s  ( t h e  c o t a l  e n e r g y  i n  t h e  s - c h a n n e l  c e n t e r  o f  m a s s )  a r e  
c o n t a i n e d  i n  t h e  h a l f - a n g l e  f a c t o r s  e x p l i c i t l y  e x h i b i t e d -  T h e  k i n e m a t i c  
s i n g u l a r i t i e s  i n  t h e  v a r i a b l e  t  ( t h e  t o t a l  e n e r g y  i n  t h e  t - c h a n n e l  c e n t e r  
o f  m a s s )  f o r  t h e  a m p l i t u d e s  o f  i n t e r e s t  h e r e  a r e  d e r i v e d  i n  A p p e n d i x  A .  
I n  t e r m s  o f  t h e s e  h e l i c i t y  a m p l i t u d e s  t h e  e x p r e s s i o n  f o r  t h e  s - c h a n n e l  
d i f f e r e n t i a l  c r o s s  s e c t i o n  i n  t e r m s  o f  t - c h a n n e l  R e g g e  p o l e s  i s  
^ = _ J  p " ^  ( 2 s  + l ) " \ 2 s  + 1 ) " '  S  I f ^ c d  a b ( = ' t ) l ^  ( 4 . 1 4 )  
d t  4 % s  '  3  b  a b e d  
4 n s  2  "  L I '  0 0 ; + + ' " ' " ' '  '  '  '  0 0 ;  ;  ^  T  ^  +  I  f ^ ^  ( s , t )  I  ^ ]  ,  
ko 
w h e r e  
f 'oo ;++(: .  t )  ev„„(cos (4.15) 
f ' o O ; - + ' ^ ' ' '  =  f  ( z a . +  l )  c .  P ^ i _ + ( c )  E ° ^ * 0 | ( c o s  G J ,  
a n d  i s  t h e  r e s i d u e  o f  f ^ o Q . + ^ ( t )  a t  t h e  p o l e  j  = a . ( t ) .  I n  
o r d e r  t o  d e t e r m i n e  t h e  k i n e m a t i c  s i n g u l a r i t y  s t r u c t u r e  o f  t h e  r e s i d u e  
f u n c t i o n s  i n  Q : . ( t ) ^  t h e  a s y m p t o t i c  f o r m s  o f  t h e  E  f u n c t i o n s  a r e  r e q u i r e d .  
T h e s e  a r e  g i v e n  b y  ( 1 5 )  
e"oo'"= s=~77T(êîy [ i j t  " l , ^ a  '  (4.16) 
a+ , . 2a'^^ r(a+j) (s - u)°"' 
^ (o+,) ' /2 v ; i>+i)  (4pt pc ' )"- '  '  
T h e  f u n c t i o n  
g  =  1  r ( l - a )  
r  ( ( % + 1  )  s  i  n  n a  3 T  
i s  f i n i t e  f o r  a l l  o ; ( t )  c o n t i n u e d  t o  t h e  p h y s i c a l  s - c h a n n e l  r e g i o n  o f  t h e  
c o m p l e x  j - p l a n e  b e c a u s e  R e  Q !  <  1  w h e n  t  ^  0  f o r  a l l  R e g g e  t r a j e c t o r i e s .  
T h e  e q u a l i t y  h o l d s  o n l y  f o r  t h e  P o m e r a n c h u k  t r a j e c t o r y ,  w h i c h  i s  n o t  
i n v o l v e d  i n  t h i s  r e a c t i o n  a n d  m a y  n o t  b e  a  R e g g e  t r a j e c t o r y  a t  a l l .  
S î n c e  t h e  s c a t t e r i n g  a m p l i t u d e  i s  a s s u m e d  t o  h a v e  o n l y  R e g g e  p o l e s  ( w e  
a r e  n e g l e c t i n g  t h e  p o s s i b i l i t y  o f  c u t s ) ,  t h e  f i x e d  s i n g u l a r i t i e s  i n h e r e n t  
i n  t h e  E - f u n c t i o n s  m u s t  b e  c a n c e l e d  b y  t h e  a p p r o p r i a t e  f a c t o r s  i n  t h e  
r e s i d u e  f u n c t i o n s .  C o n s u l t i n g  A p p e n d i x  A  f o r  t h e  k i n e m a t i c  t - s i n g u -
l a r i t i e s ,  a n d  A p p e n d i x  B  f o r  t h e  ^ - s i n g u l a r i t i e s ,  w e  f i n d  
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(4 .17)  
t  t ,  
4 m E  
a . - ]  i  
1 7 
-+ 
.a .  T h e  f a c t o r  a . ( o : . +  l )  i n  i s  t h e  G e l l - M a n n  g h o s t - k i l l i n g  m e c h a n i s m  
d i s c u s s e d  i n  A p p e n d i x  B .  T h e  y ' ' s  a r e  t h e  r e d u c e d  r e s i d u e  f u n c t i o n s ,  
w h i c h  w e  t a k e  t o  b e  c o n s t a n t s ,  a n d  i s  a  p a r a m e t e r  i n c l u d e d  i n  o r d e r  
t o  o b t a i n  t h e  p r o p e r  d i m e n s i o n s .  T h e  o t h e r  f a c t o r s  i n v o l v i n g  a .  a r e  
i n c l u d e d  s i m p l y  t o  r e m o v e  t h e  « - s i n g u l a r i t i e s  o f  t h e  E  f u n c t i o n s .  
T h e s e  e x p r e s s i o n s  i n s e r t e d  i n t o  t h e  e x p r e s s i o n s  f o r  t h e  h e l i c i t y  
a m p l i t u d e s ,  4 . 1 5  a n d  4 . 1 6 ,  g i v e  
-  i i t o ; .  foo;++ = r ( l -a.)( ,+e-" ' : ' , ) (a.+ l ) (^y,  r '  
++ 
(4 .18)  
foo -+ "  5(t-4m2)- ' /z 7 ' .^  ,  
'  i  o  
a n d  t h e  e x p r e s s i o n  f o r  t h e  c r o s s  s e c t i o n ,  4 . 1 4 ,  b e c o m e s  
{ d a  =  1  
d t  4 o f r s p  t  -  4 M  i  o  
i  o  
} .  (4.19)  
w h e r e  ^  =  4 t ( p ^ p ^ ' s i n  8 ^ ) ^ ,  p ^  ( p ^ ' )  i s  t h e  i n i t i a l  ( f i n a l )  c e n t e r  o f  m a s s  
m o m e n t u m  i n  t h e  t - c h a n n e J ,  a n d  p ^  i s  t h e  i n i t i a l  c e n t e r  o f  m a s s  m o m e n t u m  
i n  t h e  s - c h a n n e l .  T h i s  i s  t h e  f o r m  u s e d  i n  f i t t i n g  t h e  d i f f e r e n t i a l  
c r o s s  s e c t i o n  d a t a ,  a s  d i s c u s s e d  i n  t h e  n e x t  s e c t i o n .  
C .  R e s u l t s  o f  t h e  D a t a  F i t t i n g  
I n  f i t t i n g  t h e  d a t a  f o r  t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  f o r  t h e  
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r e a c t i o n  4 . 9  ( 1 7 . a )  a  l e a s t - s q u a r e s  m e t h o d  u t i l i z i n g  t h e  M I N F U N  p r o g r a m  
o n  t h e  I o w a  S t a t e  U n i v e r s i t y  I B M  3 6 0 / 6 5  w a s  u s e d .  T h e  p a r a m e t e r s  i n  t h e  
e x p r e s s i o n  4 . 1 9  w e r e  c h o s e n  a s  f o l l o w s ;  
a 
2  ( 4 . 2 0 )  
b = 
2  
^ ++ ^ 
C  =  7 - ' - + /  
2  
Y  =  E  .  
T h e  o v e r  a l l  n o r m a l i z a t i o n ,  N  =  7  w a s  c h o s e n  b y  s e t t i n g  
=  E  S  [ [ d a ( E . ) / d t . ] ^ ^  -  N ^ [ d a ( E . ) / d t . ] ^ ^ , ^ } ^ /  ( e r r ) ^ ,  
e. t .  ^ 
I I 
w h e r e  e r r  i s  t h e  e x p e r i m e n t a l  e r r o r ,  a n d  r e q u i r i n g  
=  0 .  
T h i s  l e a d s  t o  t h e  e x p r e s s i o n  
= e e [dcfe. i /dt . l^x [de(e;) /dt . }^2ic /  ( e r r f  
E . t .  
I I 
I I 
2 T h e  M I N F U N  p r o g r a m  m i n i m i z e s  t h e  f u n c t i o n  X  b y  a d j u s t i n g  t h e  p a r a m e t e r s  
2 A j B j C ,  a n d  Y ,  a n d  N  i s  c a l c u l a t e d  i n  t e r m s  o f  t h e s e .  
T h e  t r a j e c t o r y  f u n c t i o n s  o : .  ( t )  w e r e  c h o s e n  t o  s a t i s f y  t h e  e x c h a n g e  
d e g e n e r a c y  h y p o t h e s i s  a n d  t h e  p i o n  c o n s p i r a t o r  h y p o t h e s i s  d i s c u s s e d  i n  a  
p r e v i o u s  p a p e r  ( 6 )  a n d  m e n t i o n e d  i n  m o r e  d e t a i l  i n  t h e  n e x t  s e c t i o n .  T h e  
a m p l i t u d e s  u s e d  h e r e  a r e  s o m e w h a t  s i m p l e r  t h a n  t h o s e  i n  ( 6 )  i n  t h a t  o n e  
l e s s  p a r a m e t e r  i s  r e q u i r e d  a n d  t h e  t - d e p e n d e n c e  o f  t h e  r e s i d u e  f u n c t i o n s  
i s  m o r e  e a s i l y  i n t e r p r e t e d .  A l t h o u g h  t h e  f i t s  t o  t h e  d i f f e r e n t i a l  c r o s s  
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s e c t i o n s  a r e  a b o u t  t h e  s a m e ,  a  m u c h  b e t t e r  f i t  t o  t h e  t o t a l  c r o s s  s e c ­
t i o n s  f o r  t h e  l o w e r  e n e r g i e s  w a s  o b t a i n e d  u s i n g  t h e  a b o v e  p a r a m e t e r i z a t i o n .  
T h i s  i s  a n  i m p o r t a n t  f e a t u r e  o f  t h e  p r e s e n t  w o r k ,  a n d  i s  d i s c u s s e d  i n  
g r e a t e r  d e t a i l  i n  C h a p t e r  V .  
T h e  f i t s  t o  t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n s  s h o w n  i n  F i g .  3  w e r e  
o b t a i n e d  f o r  t h e  f o l l o w i n g  p a r a m e t e r s :  
A  =  0 . 1 0 ,  B  =  1 . 2 ,  C  =  4 . 2 6 ,  Y  =  2 . 4 ,  a n d  N  =  6 2 . 5 .  
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T h e s e  p a r a m e t e r s  g i v e  X  =  1 5 . 2  f o r  t h e  3 0  d a t a  p o i n t s  s h o w n  i n  F i g .  3 ;  
t h i s  r e p r e s e n t s  a  c o n f i d e n c e  l e v e l  o f  ~  9 0 % .  
T h e  p o l a r i z a t i o n  o b t a i n e d  f r o m  t h e s e  p a r a m e t e r s  i s  o n  t h e  o r d e r  o f  
2 1 %  a t  t  =  - 0 . 2  ( G e V / c )  ,  w h i c h  i s  c o n s i s t e n t  w i t h  t h e  d a t a  ( 1 7 * b )  f o r  
P l a b  >  5  G e V / c  ( P  =  - 4  +  1 5 %  a t  5  G e V / c ,  a n d  P  =  2  +  7 %  a t  1 1 . 2  G e V / c ) .  
T h e  s i z a b l e  p o l a r i z a t i o n  a t  l o w e r  e n e r g i e s  ( P  =  4 0  +  1 5 %  a t  3 . 2  G e V / c  
a n d  p  =  2 7  +  1 4 %  a t  3 . 4 7  G e V / c )  i s  n o t  e x p e c t e d  t o  b e  r e p r o d u c e d  i n  t h i s  
c a l c u l a t i o n  b e c a u s e  t h e  R e g g e  a m p l i t u d e s  e x t r a p o l a t e d  t o  t h e  l o w  e n e r g y  
r e g i o n  s h o u l d  r e p r e s e n t  o n l y  t h e  a v e r a g e d  a m p l i t u d e s  t h e r e ,  w i t h  t h e  d i p -
b u m p  s t r u c t u r e  f r o m  t h e  d i r e c t  c h a n n e l  r e s o n a n c e s  a v e r a g e d  o u t .  T h e  
R e g g e  a m p l i t u d e s  r e p r e s e n t  t h e  a s y m p t o t i c  f o r m  o f  t h e  s c a t t e r i n g  a m p l i t u d e  
a n d  c a n  n o t  b e  e x p e c t e d  t o  c o n t a i n  t h e  f u l l  s t r u c t u r e  o f  t h e  a m p l i t u d e  i n  
t h e  l o w  e n e r g y  r e g i o n .  
A s  i s  e v i d e n t  i n  F i g s .  4  a n d  5 ,  t h e  R e g g e  f i t  t o  t h e  t o t a l  c r o s s  s e c ­
t i o n  ( 1 7 ^ i s  e x c e l l e n t  i n  t h e  h i g h  e n e r g y  r e g i o n ,  a n d  r e p r o d u c e s  a n  
a v e r a g e  o f  t h e  s t r u c t u r e  s e e n  i n  t h e  l o w  e n e r g y  r e g i o n s .  T h i s  r e s u l t  i s  
i m p o r t a n t  i n  t h e  a n a l y s i s  c a r r i e d  o u t  i n  C h a p t e r  V .  
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F i g .  3 .  R e g g e  F i t  t o  t h e  D i f f e r e n t i a l  C r o s s  S e c t i o n  D a t a  f r o m  ( 1 7 . a )  
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F i g .  4 .  R e g g e  F i t  t o  t h e  T o t a l  C r o s s  S e c t i o n  D a t a  f r o m  ( 1 7 . a )  a n d  ( 1 7 . c )  
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F i g .  5 .  R e g g e  F i t  t o  t h e  T o t a l  C r o s s  S e c t i o n  D a t a  f r o m  ( 1 7 . c )  S h o w i n g  
t h e  R e s o n a n c e  R e g i o n  i n  D e t a i l  
\ h e  d a s h e d  l i n e  i s  t h e  a u t h o r ' s  f r e e - h a n d  s k e t c h  
c o n n e c t i n g  t h e  d a t a  p o i n t s  a n d  i s  o f  n o  f u r t h e r  
s  i g n i f i c a n c e .  
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D .  A p p l i c a t i o n  t o  C h a r g e d  P i o n  P h o t o p r o d u c t i o n  
T h e  w e l l  e s t a b l i s h e d  l a r g e  f o r w a r d  p e a k  s e e n  b y  s e v e r a l  e x p e r i m e n t a l  
g r o u p s  p r e s e n t s  a n o t h e r  d i f f i c u l t y  f o r  t h e  s i m p l e  R e g g e  m o d e l .  T h e  
d i f f i c u l t y  c a n  b e  b e s t  e x p r e s s e d  b y  s t u d y i n g  t h e  p r o p e r t i e s  o f  t h e  i n v a r ­
i a n t  a m p l i t u d e s  f o r  t h e  p r o c e s s  7 + p  - ^ n : " ^ + n .  T h e s e  a m p l i t u d e s ,  w h i c h  a r e  
s u p p o s e d  t o  b e  f r e e  o f  k i n e m a t i c  s i n g u l a r i t i e s ,  c a n  b e  w r i t t e n  i n  t h e  
form (18)  
=  t  F + j  +  ,  ( 4 . 2 1 )  
ag = f+,  + i ( f"2  + zm^f+j)  ,  
• • • ^ 
w h e r e  F ^  i s  d o m i n a t e d  b y  n a t u r a l  p a r i t y  ( P  =  ( - 1 ) ^ * )  t r a j e c t o r i e s ,  s u c h  
a s  t h e  r h o  a n d  A ^ ;  a n d  F  i s  d o m i n a t e d  b y  u n n a t u r a l  p a r i t y  ( P  =  ( - 1 ) ^ ^ ^ )  
t r a j e c t o r i e s ,  s u c h  a s  t h e  i r  a n d  B .  A t  t  = 0 ,  t h e s e  i n v a r i a n t  a m p l i t u d e s  
m u s t  b e  f i n i t e ;  t h i s  r e q u i r e s  e i t h e r  " e v a s i o n , "  
F - ,  = t  F - , '  ,  
F  3  =  t  F  ,  
w h e r e  t h e  F '  a r e  f i n i t e  a t  t  =  0 ,  o r  " c o n s p i r a c y , "  
f~^{t  = 0) + 2m^ f^ j f t  =0) = 0,  
i n  w h i c h  c a s e  n e i t h e r  o f  t h e  a m p l i t u d e s  i s  r e q u i r e d  t o  v a n i s h  a t  t  =  0 .  
E i t h e r  o f  t h e s e  t w o  c a s e s  l e a v e s  t h e  o t h e r  i n v a r i a n t  a m p l i t u d e s ,  A ^  a n d  A ^ ^ ,  
f i n i t e  a n d  n o t h i n g  m o r e  n e e d  b e  s a i d  a b o u t  t h e s e .  i n  t h e  s e c o n d  c a s e ,  o n e  
m u s t  a s s u m e  t h a t  t h e r e  e x i s t s  a  n a t u r a l  p a r i t y  t r a j e c t o r y  w h i c h  " c o n s p i r e s "  
w i t h  t h e  p i o n  t r a j e c t o r y  a t  t  =  0  i n  o r d e r  t o  m a k e  t h e  i n v a r i a n t  a m p l i t u d e  
cc  A g  f i n i t e  t h e r e .  S i n c e  t h e  e n e r g y  d e p e n d e n c e  o f  t h e  a m p l i t u d e s  i s  s  ,  
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t h i s  i m p l i e s  t h a t  ( 0 )  =  ( 0 ) ^  i . e . ,  t h a t  t h e  t r a j e c t o r y  o f  t h e  c o n s p i r ­
a t o r  m u s t  b e  d e g e n e r a t e  w i t h  t h a t  o f  t h e  p i o n  a t  t  =  0 .  T h e  f u l l  
s c a t t e r i n g  a m p l i t u d e  i n  t h e  f o r w a r d  d i r e c t i o n  (  c o s  0  =  1 ,  t  «  0 )  i s  
g i v e n  e n t i r e l y  b y  t h e  i n v a r i a n t  a m p l i t u d e  s i n c e  t h e  o t h e r  a m p l i t u d e s  
a r e  m u l t i p l i e d  b y  a  f a c t o r  o f  s i n  0  i n  t h e  e x p r e s s i o n  f o r  t h e  c r o s s  
s e c t i o n .  F o r  t h i s  r e a s o n ,  e v a s i o n  i m p l i e s  a  d i p  i n  t h e  c r o s s  s e c t i o n  
n e a r  t  =  0 ,  a n  i m p l i c a t i o n  n o t  s u p p o r t e d  b y  t h e  d a t a .  C o n s p i r a c y ,  o n  
t h e  o t h e r  h a n d ,  a l l o w s  f o r  a  f o r w a r d  p e a k  d u e  s o l e l y  t o  t h e  t r a j e c t o r y  
w h i c h  m u s t  c o n s p i r e  w i t h  t h e  p i o n  i n  t h e  a m p l i t u d e  A g -  T h i s  n e w  t r a j e c t o r y  
m u s t  h a v e  t h e  s a m e  i n t e r n a l  q u a n t u m  n u m b e r s  a s  t h e  A g f l S O O )  m e s o n ,  w h i l e  
i t s  t r a j e c t o r y  m u s t  c o i n c i d e  w i t h  t h e  p i o n  t r a j e c t o r y  a t  t  =  0 .  
T h e r e  i s  m u c h  e v i d e n c e  i m p l y i n g  t h a t  t h e  A 2 ( 1 3 0 0 )  t r a j e c t o r y  i n t e r ­
c e p t  a t  t  =  0  s h o u l d  b e  n e a r l y  d e g e n e r a t e  w i t h  t h e  r h o  t r a j e c t o r y ,  w h i c h  
h a s  q : ( 0 )  =  0 . 5  -  0 . 6 .  T h i s  s u p p o r t s  t h e  e x c h a n g e  d e g e n e r a c y  h y p o t h e s i s  
( 1 9 )  w h i c h  h a s  b e e n  s u c c e s s f u l  i n  r e p r o d u c i n g  m u c h  o f  t h e  r e l e v a n t  d a t a .  
T h e  e x c h a n g e  d e g e n e r a c y  h y p o t h e s i s  a l l o w s  a  s i n g l e  t r a j e c t o r y  t o  b e  d r a w n  
t h r o u g h  t h e  p o s i t i o n s  o f  f i v e  o b s e r v e d  m e s o n  r e s o n a n c e s ,  i n c l u d i n g  t h e  
r h o ,  A ^ j  R j  S ,  T ,  a n d  p e r h a p s  t h e  U  ( 1 9 ) .  A  s i m i l a r  t r a j e c t o r y  c a n  b e  
d r a w n  t h r o u g h  t h e  r t ,  B ,  a n d  a  f e w  m o r e  p o i n t s  w h e r e  h i g h - m a s s ,  h i g h -
s p i n  r e s o n a n c e s  h a v e  b e e n  i n d i c a t e d  b y  t h e  d a t a -  T h i s  h y p o t h e s i s  i s  
v e r y  u s e f u l  i n  e l i m i n a t i n g  p a r a m e t e r s  f r o m  t h e  t h e o r y ,  a n d  h a s  r e c e i v e d  
m u c h  s u p p o r t  f r o m  t h e o r i s t s .  
A l s o ,  i n  f i t t i n g  t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  f o r  r e a c t i o n  4 . 9  
w i t h  a  f o r m a l i s m  s o m e w h a t  s i m i l a r  t o  t h a t  d e v e l o p e d  i n  t h e  p r e c e d i n g  
s e c t i o n s ,  A u s t i n ,  e t  a l .  ( 6 ) ,  f o u n d  t h a t  t h e  t r a j e c t o r y  f u n c t i o n s  
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e m e r g i n g  f r o m  t h e  f i t t i n g  p r o c e s s  c a m e  v e r y  c l o s e  t o  s a t i s f y i n g  t h e  
e x c h a n g e  d e g e n e r a c y  a n d  p i o n  c o n s p i r a c y  r e q u i r e m e n t s ,  v i z .  
a  ( t )  =  0 . 5 7 6  +  0.83 t ,  ( 4 . 2 2 )  
az 
Q  i ( t )  =  - 0 . 0 2  +  1 . 1 9  t J  
a2 
w h e r e  ( t )  =  0 : ^ ^ ^  ( t )  f o u n d  i n  i r - N  c h a r g e  e x c h a n g e  a n d  e l a s t i c  s c a t t e r i n g ,  
a n d  I  ( t  =  0 )  = a ^ ( t  = 0 ) .  T h e s e  t r a j e c t o r i e s  w e r e  u s e d  i n  t h e  f i t  d e ­
s c r i b e d  i n  t h e  l a s t  s e c t i o n .  A s  i s  n o t e d  t h e r e ,  t h e  f i t  t o  t h e  d a t a  i s  
c o n v  i n c i n g .  
I n  a  s e r i e s  o f  p a p e r s  b y  a  t h e o r e t i c a l  g r o u p  a t  T r i e s t e  ( 7 ) ,  t h e  
t r a j e c t o r y  p a r a m e t e r s  f o r  t h e  A g  a n d  p i o n  c o n s p i r a t o r  a r e  o b t a i n e d  b y  
a p p l y i n g  c o n t i n u o u s - m o m e n t  s u m  r u l e s  t o  c h a r g e d  p i o n  p h o t o p r o d u c t i o n .  I n  
t h i s  m e t h o d ,  t h e  l o w  e n e r g y  d a t a  i s  u s e d  a s  i n p u t  t o  a  s u m  r u l e  i n  o r d e r  
t o  p r e d i c t  t h e  R e g g e  p a r a m e t e r s  r e q u i r e d  t o  f i t  t h e  h i g h  e n e r g y  d a t a .  
T h e  r e s u l t s  r e p o r t e d  b y  t h i s  g r o u p  h a v e  t r a j e c t o r i e s  v e r y  s i m i l a r  t o  
t h o s e  i n  4 . 2 2 ,  w i t h  s m a l l  d i f f e r e n c e s  p r o b a b l y  d u e  t o  e x p e r i m e n t a l  e r r o r s  
i n c o r p o r a t e d  i n t o  t h e  d a t a .  F r o m  t h e s e  r e s u l t s  w e  d r a w  t h e  c o n c l u s i o n  
t h a t  t h e  f o r m a l i s m  d e v e l o p e d  h e r e  f o r  t h e  t w i n - p e a k e d  A g  m a s s  d i s t r i b u t i o n  
a n d  a p p l i e d  t o  e t a  p i o n - p r o d u c t i o n  i s  a l s o  c a p a b l e  o f  r e p r o d u c i n g  t h e  
p i o n  p h o t o p r o d u c t i o n  d a t a .  
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V .  D O L E N - H O R N - S C H M i D  D U A L I T Y  I N  E T A  P I O N - P R O D U C T I O N  
A .  i n t r o d u c t i o n  
I n  a  r e c e n t  s e r i e s  o f  p a p e r s ,  D o l e n ,  H o r n  a n d  S c h m i d  ( 2 0 )  p r e s e n t  
e v i d e n c e  t h a t  t h e  r e s o n a n c e  s t r u c t u r e  s e e n  i n  l o w  e n e r g y ,  d i r e c t  c h a n n e l  
r e a c t i o n s ,  s u c h  a s  j t - N  e l a s t i c  a n d  c h a r g e  e x c h a n g e  s c a t t e r i n g ,  i s  i n  s o m e  
w a y  g e n e r a t e d  b y  R e g g e  t r a j e c t o r y  e x c h a n g e  i n  t h e  c r o s s e d  c h a n n e l .  T h e y  
s h o w  t h a t  t h e  R e g g e  a m p l i t u d e s  w h i c h  f i t  t h e  h i g h  e n e r g y  ( E ^ ^ ^  &  3  G e V )  c r o s s  
s e c t i o n s  c a n  b e  e x t r a p o l a t e d  t o  g i v e  a n  " a v e r a g e d "  f i t  t o  t h e  h i g h l y  
s t r u c t u r e d  l o w  e n e r g y  c r o s s  s e c t i o n s .  T h e  R e g g e  a m p l i t u d e s  r e p r e s e n t  
a s y m p t o t i c  e x p r e s s i o n s  f o r  t h e  s c a t t e r i n g  a m p l i t u d e s  a n d  t h e r e f o r e  c a n  
n o t  b e  e x p e c t e d  t o  e x p l i c i t l y  c o n t a i n  t h e  d i p - b u m p  s t r u c t u r e  p r o d u c e d  b y  
t h e  d i r e c t  c h a n n e l  r e s o n a n c e s  i n  t h e  l o w  e n e r g y  r e g i o n .  T h i s  r e s o n a n c e  
s t r u c t u r e ,  u s u a l l y  a t t r i b u t e d  t o  p o l e s  o n  t h e  s e c o n d  R i e m a n n  s h e e t  o f  t h e  
s - p l a n e  i n  t h e  s c a t t e r i n g  a m p l i t u d e s ,  m u s t  b e  d u e  t o  t h e  b a c k g r o u n d  i n t e ­
g r a l  w h i c h  i s  n e g l e c t e d  i n  t h e  r e g i o n  a s y m p t o t i c  i n  e n e r g y ,  w h e r e  i t  i s  
a s s u m e d  t o  b e  d o m i n a t e d  b y  t h e  R e g g e  p o l e  t e r m s .  
T h i s  t h e o r y  i s  a p p l i e d  b y  p a r t i a l  w a v e  a n a l y z i n g  t h e  e x t r a p o l a t e d  
R e g g e  a m p l i t u d e s  ( r a t h e r ,  t h e  p r o p e r  l i n e a r  c o m b i n a t i o n s  o f  t h e s e  a m p l i ­
t u d e s  w h i c h  c o r r e s p o n d  t o  a m p l i t u d e s  o f  d e f i n i t e  t o t a l  a n g u l a r  m o m e n t u m  
a n d  p a r i t y ,  a s  d e s c r i b e d  f o r  a  p a r t i c u l a r  c a s e  i n  A p p e n d i x  A ) ,  a n d  p l o t t i n g  
A r g a n d  d i a g r a m s  f o r  t h e s e  a m p l i t u d e s  ( s e e  A p p e n d i x  C ) .  A n a l y s e s  o f  n - N  
e l a s t i c  s c a t t e r i n g  ( 2 0 ) ,  ( 2 1 )  h a v e  s h o w n  t h a t  t h e  R e g g e  a m p l i t u d e s  d o  
i n d e e d  g e n e r a t e  c i r c l e s  i n  t h e  A r g a n d  d i a g r a m s ,  s o m e  o f  w h i c h  c o r r e s p o n d  
c l o s e l y  t o  t h o s e  s e e n  i n  a  p a r t i a l  w a v e  p h a s e  s h i f t  a n a l y s i s  o f  l o w  e n e r g y  
c r o s s  s e c t i o n  d a t a  ( 2 2 ) .  
T h e  d u a l i t y  b e t w e e n  c r o s s e d  c h a n n e l  R e g g e  p o l e s  a n d  d i r e c t  c h a n n e l  
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r e s o n a n c e s  b e c o m e s  a  " b o o t s t r a p "  m e c h a n i s m  i n  r e a c t i o n s  h a v i n g  t h e  s a m e  
qua n t u m  n u m b e r s  f o r  b o t h  c h a n n e l s ,  s u c h  a s  T T - T T  e l a s t i c  a n d  Î T + T C  - " I R + U )  s c a t ­
t e r i n g .  T h i s  b o o t s t r a p  i d e a  h a s  b e e n  a p p l i e d  t o  s e v e r a l  r e a c t i o n s  i n v o l v ­
i n g  t h e  p  m e s o n  ( 2 3 ) .  I t  w a s  f o u n d  t h a t  b y  i n c l u d i n g  d a u g h t e r  t r a j e c t o r i e s  
( i .  e . ,  t r a j e c t o r i e s  p a r a l l e l  t o  t h e  p  t r a j e c t o r y  a n d  s a t i s f y i n g  t h e  c o n d i ­
t i o n  C K j  ( t = 0 )  =  Q i p  ( t = 0 )  -  ^  =  2 ,  k ,  . . . )  s e l f - c o n s i s t e n c y  c o u l d  b e  
o b t a i n e d  b e t w e e n  t h e  l o w  e n e r g y  r e s o n a n c e  s t r u c t u r e  a n d  t h e  h i g h  e n e r g y  
R e g g e  s t r u c t u r e  t o  a  r e l a t i v e l y  h i g h  d e g r e e  o f  a c c u r a c y .  
A n  a l t e r n a t i v e  i n t e r p r e t a t i o n  ( 2 1 )  o f  t h e  d u a l i t y  h y p o t h e s i s  i s  t h a t  
s o m e  o f  t h e  A r g a n d  c i r c l e s  s e e n  i n  t h e  a n a l y s i s  o f  t h e  l o w  e n e r g y  d a t a  
m a y  c o r r e s p o n d  t o  g e n u i n e  r e s o n a n c e s ,  w h i l e  o t h e r s  m a y  s i m p l y  b e  a  r e f l e c ­
t i o n  o f  t h e  f a c t  t h a t  t h e  h i g h  e n e r g y  b e h a v i o r  o f  c r o s s  s e c t i o n s ,  a s  d e t e r ­
m i n e d  b y  t h e  R e g g e  f o r m  o f  t h e  a m p l i t u d e ,  g e n e r a t e s  A r g a n d  c i r c l e s  j u s t  a s  
r e s o n a n c e  p o l e s  o n  a n  u n p h y s i c a l  s h e e t  o f  t h e  c o m p l e x  s - p l a n e  d o .  I f  a l l  
t h e s e  c i r c l e s  d o  n o t  c o r r e s p o n d  t o  a c t u a l  r e s o n a n c e s ,  t h e  i n t e r p r e t a t i o n  o f  
p h a s e  s h i f t  a n a l y s e s  o f  t h e  l o w  e n e r g y  d a t a  c a n  n o t  b e  c o n s i d e r e d  v e r y  
r e l i a b l e ,  s i n c e  t h i s  i s  t h e  c r i t e r i o n  u s e d  t o  d e t e r m i n e  t h e  r e s o n a n c e  
s t r u c t u r e  ( 2 2 ) .  I t  i s  a  s i m p l e  m a t t e r  t o  s h o w  t h a t  t h e  R e g g e  f o r m  o f  t h e  
s c a t t e r i n g  a m p l i t u d e  p r o d u c e s ,  w h e n  p a r t i a l  w a v e  a n a l y z e d ,  a n  e x p r e s s i o n  
w h i c h  g e n e r a t e s  f a m i l i e s  o f  m a x i m a  a n d  m i n i m a  i n  t h e  c i r c u l a r  A r g a n d  
d i a g r a m s  ( 2 4 ) .  T h i s  s i t u a t i o n  i s  t a k e n  a s  a n  i n d i c a t i o n  t h a t  t h e  D o l e n -
H o r n - S c h m i d  d u a l i t y  h y p o t h e s i s  c a n  n o t  b e  a  c o r r e c t  i n t e r p r e t a t i o n  o f  t h e  
A r g a n d  d i a g r a m s  b e c a u s e  t h e s e  f a m i l i e s  o f  r e s o n a n c e s  d o  n o t  s e e m  t o  s h o w  
u p  e x p e r i m e n t a l l y .  A  c o u n t e r - a r g u m e n t  t o  t h i s  i n t e r p r e t a t i o n  i s  t h a t  
p e r h a p s  t h e s e  r e s o n a n c e  f a m i l i e s  d o  e x i s t ,  b u t  t h e i r  w e a k  c o u p l i n g  t o  
o t h e r  s t a t e s  r e n d e r s  t h e i r  d e t e c t i o n  d i f f i c u l t .  
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I n  a n y  c a s e ,  a n  a n a l y s i s  o f  a n  i n e l a s t i c  r e a c t i o n  i n v o l v i n g  t h e  s a m e  
i s o s p i n  1 / 2  r e s o n a n c e s  s e e n  i n  t h e  e l a s t i c  n - N  r e a c t i o n  i s  o f  i n t e r e s t .  
T h e  R e g g e  a n a l y s i s  o f  e t a  p i o n - p r o d u c t i o n  d i s c u s s e d  i n  C h a p t e r  I V  p r o v i d e s  
a  s u i t a b l e  e x a m p l e  w h i c h  c a n  b e  d i r e c t l y  c o m p a r e d  w i t h  t h e  j r - N  e l a s t i c  
a n d  c h a r g e  e x c h a n g e  a n a l y s i s  ( 2 1 ) ,  A s  i s  e v i d e n t  i n  F i g s .  4  a n d  5 ,  o u r  
a m p l i t u d e s  d o  p r o v i d e  a n  a v e r a g e d  f i t  t o  t h e  l o w  e n e r g y  c r o s ^ s e c t  i o n  d o w n  
t o  =  1  G e V  ( W  = N / " S  =  1 . 6 7  G e V )  a n d  s h o u l d  b e  a b l e  t o  r e p r o d u c e  t h e  
r e s o n a n c e  s t r u c t u r e  a b o v e  t h a t  e n e r g y  r e a s o n a b l y  w e l l .  
B .  I n t e r p r e t a t i o n  o f  t h e  A r g a n d  D i a g r a m s  
T h e  r e l a t i o n  b e t w e e n  t h e  a m p l i t u d e s  o f  d e f i n i t e  t o t a l  a n g u l a r  m o m e n ­
t u m  a n d  p a r i t y  a n d  t h e  t - c h a n n e l  R e g g e i z e d  h e l i c i t y  a m p l i t u d e s  i s  d e r i v e d  
i n  A p p e n d i x  A .  T h e  A r g a n d  d i a g r a m s  p r o d u c e d  f r o m  t h e  a m p l i t u d e s  h a v e  t h e  
g e n e r a l  a p p e a r a n c e  e x p e c t e d  f r o m  t h e  a n a l y s i s  o f  a n  i n e l a s t i c  S - m a t r i x  
e l e m e n t  c a r r i e d  o u t  i n  A p p e n d i x  C .  A  s a m p l e  o f  t h e  r e s u l t s  ( t h e  d i a g r a m  
f o r  j  =  2  )  ' s  s h o w n  i n  F i g .  6 .  I n  o r d e r  t o  a v o i d  t h e  c o m p l i c a t i o n s  
a r i s i n g  f r o m  a  p o s s i b l e  a d d i t i o n a l  p h a s e  s h i f t  c o r r e s p o n d i n g  t o  t h e  n o n -
r e s o n a n t  b a c k g r o u n d  t h e  m a x i m a  a n d  m i n i m a  o f  t h e  a b s o l u t e  v a l u e s  o f  t h e  
a m p l i t u d e s  w e r e  t a k e n  t o  i n d i c a t e  t h e  p o s i t i o n s  o f  r e s o n a n c e s ,  a s  s u g g e s t e d  
b y  L o v e l a c e  ( 2 2 ) .  W i t h  t h i s  c r i t e r i o n ,  a  h i g h l y  a b s o r p t i v e  r e s o n a n c e  
w o u l d  b e  s e e n  a s  a  s h a r p  d i p  i n  t h e  e l a s t i c  c h a n n e l  i n e l a s t i c i t y  p a r a m e t e r  
r ,  a n d  a n  e l a s t i c  r e s o n a n c e  w o u l d  b e  s e e n  a s  a  m a x i m u m  i n  r  a s  r  - •  1 .  I n  
t h e  i n e l a s t i c  a m p l i t u d e .  E q u a t i o n  6 . 7 2  o f  A p p e n d i x  C ,  t h e  m a g n i t u d e  o f  
t h e  s c a t t e r i n g  a m p l i t u d e  T ^  i s  g i v e n  b y  
I T ^ + I  .  [ ( I  -  r ) ( l  +  ( 5 - 1 )  
w h e r e  s  i s  t h e  i n e l a s t i c i t y  p a r a m e t e r  f o r  e t a - n u c l e o n  e l a s t i c  s c a t t e r i n g .  
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F i g .  6 . a .  A r g a n d  D i a g r a m s  f o r  J  =  ^  A m p l i t u d e s  
F i g .  6 . b .  A b s o l u t e  V a l u e  o f  t h e  P a r t i a l  W a v e  A m p l i t u d e  f o r  J  =  - ^  
F i g .  6 . C .  P h a s e  S h i f t  o f  t h e  P a r t i a l  W a v e  A m p l i t u d e  f o r  J  =  y  M e a s u r e d  
f r o m  t h e  R e a l  A x i s  
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H e n c e  i — '  0  c o r r e s p o n d s  t o  a  m a x i m u m  i n  | |  a n d  r  - »  1  p r o d u c e s  a  m i n i m u m .  
I n  F i g s .  7  a n d  8  t h e  p o s i t i o n s  o f  t h e s e  m a x i m a  a n d  m i n i m a  a r e  p l o t t e d  
2 i n  t e r m s  o f  L  ( o r  t )  v e r s u s  M  .  E x c e p t  f o r  a  f e w  p o i n t s  i n  t h e  l o w  e n e r g y  
r e g i o n ,  t h e  t r a j e c t o r i e s  o b t a i n e d  f r o m  t h e  a n a l y s i s  a r e  l i n e a r  a n d  s h o w  t h e  
p a r a l l e l  d a u g h t e r  s t r u c t u r e  s i m i l a r  t o  t h o s e  o b t a i n e d  f o r  m e s o n s  ( 2 3 ) .  A s  
t h e  v a l u e  o f  L  i n c r e a s e s ,  t h e  r e s u l t i n g  A r g a n d  d i a g r a m s  b e c o m e  m o r e  a n d  m o r e  
s i m i l a r  t o  t h e  c u r v e  d r a w n  f o r  a n  i n e l a s t i c  s c a t t e r i n g  a m p l i t u d e  i n  F i g .  1 1 .  
T h e  c u r v e s  f o r  j = ;  a r e  s h o w n  i n  F i g .  6 ;  t h ^ d a u g h t e r  s t r u c t u r e  r e s u l t s  
f r o m  t h e  s e c o n d a r y  l o o p s  s e e n  a t  h i g h e r  e n e r g i e s ,  w h i c h  a r e  s e e n  a s  m a x i m a  
a n d  m i n i m a  o f  | | .  i n c l u d e d  i n  F i g .  6 c  i s  t h e  p h a s e  s h i f t  m e a s u r e d  f r o m  
t h e  R e a l  a x i s  c o u n t e r c l o c k w i s e .  A s  s h o w n  i n  A p p e n d i x  C ,  t h e r e  i s  a n  
a r b i t r a r y  p h a s e  o f  ^  w h i c h  c a n  n o t  b e  d e t e r m i n e d  f r o m  t h e  t h e o r y .  T h i s  
m e a n s  t h a t  t h e  p h a s e  s h i f t ,  d ^ + d ^ ,  c a n  b e  m e a s u r e d  f r o m  a n y  o f  t h e  a x e s ,  
a n d  t h e  v a l u e s  o f  t h e s e  p h a s e  s h i f t s  i n  F i g .  6 c  s h o u l d  b e  c o n s i d e r e d  t o  
i n c l u d e  t h i s  a m b i g u i t y .  A s  i s  e v i d e n t  f r o m  t h e  f i g u r e ,  t h e  m a x i m a  a n d  
m i n i m a  o f  t h e  a b s o l u t e  v a l u e  o f  t h e  a m p l i t u d e  d o  n o t  n e c e s s a r i l y  o c c u r  
w h e n  t h e  p h a s e  s h i f t  g o e s  t h r o u g h  S i n c e  t h e  a m p l i t u d e s  m a y  c o n t a i n  
s o m e  n o n - r e s o n a t i n g  b a c k g r o u n d  w h i c h  w o u l d  a d d  t o  t h e  a m b i g u i t y  a l r e a d y  
i n h e r e n t  i n  t h e  p h a s e  s h i f t ,  i t  w a s  t h o u g h t  t h a t  t h e  m a x i m a  a n d  m i n i m a  
o f  I T ^ ^ l  w o u l d  s e r v e  a s  a  m o r e  r e l i a b l e  i n d i c a t i o n  o f  r e s o n a n c e  s t r u c t u r e  
t h a n  t h e  p h a s e  s h i f t  m e t h o d .  
I n  o r d e r  t o  c o m p a r e  w i t h  p r e v i o u s  a n a l y s e s ,  w e  h a v e  p l o t t e d  i n  F i g .  9  
a l l  t h e  p o i n t s  i n  a  f o r m  e x h i b i t i n g  p a r i t y  d o u b l i n g  ( 2 5 )  d u e  t o  t h e  
M a c D o w e l l  s y m m e t r y  o f  t h e  a m p l i t u d e s  ( s e e  A p p e n d i x  A ) .  T r a j e c t o r i e s  l i n e a r  
2 i n  W  c o r r e s p o n d  t o  p a r a b o l a s  i n  t h i s  p l o t ,  a n d  t h e  c o r r e s p o n d e n c e  b e t w e e n  
o u r  p o i n t s ,  t h o s e  o b t a i n e d  i n  o t - N  e l a s t i c  ( 2 1 )  a n d  t h o s e  o b t a i n e d  i n  ( 2 2 )  f o r  
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F i g .  8 .  R e s o n a n c e  T r a j e c t o r i e s  i n  O r b i t a l  A n g u l a r  M o m e n t u m  L  v e r s u s  M  f o r  E l a s t i c  R e s o n a n c e s  
F i g .  9 .  P l o t  o f  P a r i t y - D o u b l e t  B a r y o n  T r a j e c t o r i e s  
T h e  c i r c l e s  c o r r e s p o n d  t o  t h e  t r a j e c t o r i e s  o b t a i n e d  f r o m  t h i s  c a l c u l a t i o n ,  " ^ h e  s q u a r e s  
c o r r e s p o n d  t o  t h e  r e s o n a n c e  p o s i t i o n s  o b t a i n e d  i n  a  s i m i l a r  c a l c u l a t i o n  d o n e  f o r  e l a s t i c  
j t - N  s c a t t e r i n g  b y  C o l l i n s ,  e t  a l .  ( 2 1 ) .  T h e  c r o s s e s  c o r r e s p o n d  t o  t h e  r e s o n a n c e  p o s i t i o n s  
o b t a i n e d  f r o m  t h e  p h a s e  s h i f t  a n a l y s i s  o f  t h e  l o w  e n e r g y  d a t a  ( 2 2 ) ,  m o s t  o f  w h i c h  h a v e  b e e n  
b e e n  o b s e r v e d  e x p e r i m e n t a l l y  a s  p e a k s  i n  t h e  t o t a l  i t - N  e l a s t i c  a n d  c h a r g e  e x c h a n g e  c r o s s  
s e c t i o n s  ( 2 5 ) .  
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t h e  p h a s e  s h i f t  a n a l y s i s  o f  t h e  l o w  e n e r g y  d a t a  i s  f a i r l y  r e a s o n a b l e .  
T h e  l a r g e s t  d i s c r e p a n c i e s  a r e  s e e n  i n  t h e  r e g i o n  j w j  <  1 . 6  G e V ,  w h e r e  
w e  d i d  n o t  e x p e c t  m u c h  a c c u r a c y  f r o m  o u r  a m p l i t u d e s .  T h e  r e g u l a r i t y  o f  
t h e  r e s o n a n c e  p o s i t i o n s  s h o w n  i n  t h e  f i g u r e s  i s  o n e  o f  f e a t u r e s  o f  t h e  
d u a l i t y  h y p o t h e s i s  s u b j e c t  t o  e x p e r i m e n t a l  c h e c k ,  a s  i t  s e e m s  t o  a p p e a r  
a l s o  i n  t h e  m e s o n  b o o t s t r a p  c a l c u l a t i o n s  ( 2 3 ) ,  ( 2 4 ) ,  a n d  p r e d i c t s  t h e  
m a s s e s ,  s p i n s  a n d  p a r i t i e s  o f  a  l a r g e  n u m b e r  o f  r e s o n a n c e  s t a t e s .  
A  r a t h e r  s u r p r i s i n g  r e s u l t  i s  t h e  c l o s e  c o r r e s p o n d e n c e  b e t w e e n  t h e  
t h e o r e t i c a l  s h a p e  o f  t h e  A r g a n d  d i a g r a m  f o r  a n  i n e l a s t i c  a m p l i t u d e ,  s h o w n  
i n  F i g .  1 1 ,  a n d  t h e  s h a p e s  o b t a i n e d  i n  t h i s  c a l c u l a t i o n .  F i g .  6 .  T h e  
R e g g e  a n a l y s i s  f o r  n - N  e l a s t i c  s c a t t e r i n g  ( 2 1 )  p r o d u c e d  c i r c l e s  c o r r e s ­
p o n d i n g  c l o s e l y  t o  t h e  t h e o r e t i c a l  s h a p e  o f  t h e  A r g a n d  d i a g r a m  f o r  a n  
e l a s t i c  s c a t t e r i n g  a m p l i t u d e .  T h e  p r i m a r y  d i f f e r e n c e  b e t w e e n  t h e  t w o  
c a l c u l a t i o n s  I s  t h e  d i f f e r e n c e  i n  s i g n a t u r e  o f  t h e  t r a j e c t o r i e s  i n v o l v e d ;  
t h e  r h o  h a s  n e g a t i v e  s i g n a t u r e ,  a n d  t h e  A g  h a s  p o s i t i v e .  I t  i s  h a r d  t o  
u n d e r s t a n d  h o w  t h e  c h a n g e  o f  s i g n a t u r e  p r o d u c e s  t h i s  d i f f e r e n c e ,  b u t  i t  
s e e m s  s i g n i f i c a n t  t h a t  t h e  c a l c u l a t e d  c u r v e s  d o  d i f f e r  i n  t h i s  s p e c i a l  
w a y .  
T w o  o t h e r  r e p r e s e n t a t i o n s  o f  t h e  e t a  p i o n - p r o d u c t i o n  a m p l i t u d e s  w e r e  
a l s o  a n a l y z e d .  T h e s e  w e r e  t h e  s i n g l e - p o l e  f i t  b y  A r b a b ,  e t  a l .  ( 2 6 ) ,  a n d  
t h e  d o u b l e - p o l e  f i t  b y  A u s t i n ,  e t  a l .  ( 6 ) .  T h e s e  a m p l i t u d e s  g a v e  r e s u l t s  
v e r y  s i m i l a r  i n  f o r m  t o  t h o s e  d i s c u s s e d  a b o v e ;  t h e  a c t u a l  p o s i t i o n s  o f  t h e  
r e s o n a n c e s  w e r e  s h i f t e d  a  b i t  o n e  w a y  o r  t h e  o t h e r .  T h e  s o u r c e  o f  c o m p l i ­
c a t i o n  i n  t r e a t i n g  t h e s e  a m p l i t u d e s  i s  t h e  e x t r e m e l y  p o o r  f i t  t o  t h e  l o w  
e n e r g y  c r o s s  s e c t i o n s  o b t a i n e d  w i t h  t h e m .  I n  f a c t ,  w e  w e r e  u n a b l e  t o  
o b t a i n  a  r e a s o n a b l e  f i t  t o  e v e n  t h e  h i g h  e n e r g y  c r o s s  s e c t i o n s  u s i n g  t h e  
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a m p l i t u d e s  o f  A r b a b ,  e t  a l .  ( 2 6 )  b e c a u s e  o f  a n  e r r o r  i n  t h e i r  p u b l i s h e d  
p a r a m e t e r s .  T h e  a m p l i t u d e s  o f  A u s t i n ,  e t  a l .  ( 6 )  g i v e  a  r e a s o n a b l e  f i t  f o r  
o n l y  a  l i m i t e d  r a n g e  o f  t  ( a s  w a s  t h e  o r i g i n a l  i n t e n t i o n  o f  t h e  a u t h o r s ) ,  
a n d  r e q u i r e d  s o m e  d o c t o r i n g  o f  t h e  s t r o n g  t - d e p e n d e n c e  b e f o r e  t h e y  c o u l d  
b e  u s e d  i n  t h e  a n a l y s i s .  H o w e v e r ,  s i n c e  t h e  s h a p e  o f  t h e  A r g a n d  d i a g r a m s  
o b t a i n e d  w a s  v e r y  s i m i l a r  a n d  t h e  t r a j e c t o r i e s  p r o d u c e d  w e r e  v e r y  n e a r l y  
2 l i n e a r  i n  M  f o r  a l l  c a s e s ,  o n l y  t h e  c a s e  a l r e a d y  p r e s e n t e d  h e r e  w a s  s t u d i e d  
i  n  d e t a  i 1 .  
T a b l e  1  g i v e s  a  c o m p a r i s o n  o f  t h e  r e s u l t s  f o r  t h e  f i r s t  f e w  s t a t e s  
f o u n d  i n  t h e  i n e l a s t i c  r e a c t i o n  w i t h  t h o s e  f o u n d  i n  t h e  e l a s t i c  r e a c t i o n  
( 2 1 )  a n d  w i t h  t h o s e  f o u n d  i n  t h e  p h a s e  s h i f t  a n a l y s i s  o f  t h e  l o w  e n e r g y  
d a t a  ( 2 2 ) .  A s  i s  e v i d e n t  f r o m  t h e  t a b l e ,  w e  w e r e  n o t  a b l e  t o  r e p r o d u c e  t h e  
l o w e r  e n e r g y  s t a t e s  v e r y  w e l l ,  w h e r e a s  t h e  a g r e e m e n t  o f  t h e  t h r e e  c a l c u l a ­
t i o n s  b e c o m e s  m o r e  r e a s o n a b l e  f o r  t h e  h i g h e r  e n e r g y  s t a t e s .  I t  s h o u l d  a l s o  
b e  n o t e d  h e r e  t h a t  t h e  a n a l y s i s  o f  t h e  e l a s t i c  c a s e  i n v o l v e d  R e g g e  a m p l i t u d e s  
f o r  t h e  t - c h a n n e l  c o n t a i n i n g  t h e  P ,  P ' ,  a n d  p  t r a j e c t o r i e s ,  a n d  a m p l i t u d e s  
f o r  t h e  u - c h a n n e l  r e g i o n  ( b a c k w a r d  s c a t t e r i n g )  c o n t a i n i n g  t h e  N  a n d  A  
t r a j e c t o r i e s .  A  f a c t o r  o f  s i n  n C Z  w a s  i n c o r p o r a t e d  i n t o  t h e  r e s i d u e  f u n c ­
t i o n s  i n  o r d e r  t o  f i t  s m o o t h l y  t h e  b e h a v i o r  i n  t h e  f i t t e d  r a n g e s  o f  t  a n d  u .  
T h i s  i s  i n  c o n t r a s t  t o  t h e  p r e s e n t  t r e a t m e n t  w h e r e i n  t h e  t - c h a n n e l  a m p l i t u d e  
i s  e x t r a p o l a t e d  o v e r  t h e  e n t i r e  r a n g e  o f  t  ( f o r  t h e  p h y s i c a l  s - c h a n n e l ) ,  a n d  
a  g o o d  " a v e r a g e d "  f i t  t o  t h e  t o t a l  c r o s s  s e c t i o n  f o r  a l l  b u t  t h e  l o w e s t  
e n e r g i e s  i s  o b t a i n e d  ( s e e  F i g s .  4  a n d  5 ) .  I n  s p i t e  o f  t h e s e  d i f f e r e n c e s ,  
t h e  r e s u l t s  o f  t h e  t h r e e  c a l c u l a t i o n s ,  i n c l u d i n g  t h e  s h a p e s  o f  t h e  A r g a n d  
d i a g r a m s  a s  w e l l  a s  t h e  r e s o n a n c e  m a s s e s ,  a r e  i n  r e m a r k a b l e  a g r e e m e n t .  
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T a b l e  1 .  M a s s e s  o f  R e s o n a n c e  S t a t e s  F o u n d  i n  T h r e e  D i f f e r e n t  A n a l y s e s  
P a r t i a l  W a v e  T h i s  C a l c u l a t i o n ^  E l a s t i c  C a s e P h a s e  S h i f t ' '  
11 
1 1 
1 3  
1 3  
1 5  
1 5  
1 7  
1 7  
' 1 9  
2 1 5 0  ( M e V )  
1630 
1950 
1600 
2050 
1730 
2150 
1775 
1900 
1 9 5 0  
2050 
2120 
2 1 0 0  ( M e V )  
1450 
2000 
i860 
1550 
1700 
1530 
1500 
2010 
2150 
1 5 3 5  ( M e V )  
1750 
1470 
1750 
1 8 6 3  
1520 
2057 
1680 
1690 
1983 
2200 
^  T h i  s  c a l c u l a t i o n  i s  a  p a r t i a l  w a v e  a n a l y s i s  o f  t h e  a m p l i t u d e s  f o r  e t a  
p  i  o n - p r o d u c t  i o n .  
T h e  e l a s t i c  c a s e  i s  a  s i m i l a r  a n a l y s i s  o f  i t - N  e l a s t i c  s c a t t e r i n g  ( 2 1 ) .  
^  T h e  p h a s e  s h i f t  a n a l y s i s  ( 2 2 )  w a s  d o n e  o n  t h e  l o w  e n e r g y  e l a s t i c  
s c a t t e r i n g  d a t a .  
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V I .  A P P E N D I X  
A .  P a r t i a l  W a v e  a n d  H e l i c i t y  A m p l i t u d e s  a n d  K i n e m a t i c s  
I n  t h i s  a p p e n d i x  s o m e  u s e f u l  f o r m s  o f  t h e  s c a t t e r i n g  a m p l i t u d e s  î i L i d e s  
f o r  t h e  r e a c t i o n  
r t  +  p  r j  +  n  (6 - j )  ( 6 .  1 )  
a r e  d e r i v e d  u s i n g  t h e  n o t a t i o n  o f  G a s i o r o w i c z  ( 2 7 ) .  T h e s e  a  r e  t h e  s i  t h e  
a m p l i t u d e s  r e q u i r e d  i n  C h a p t e r s  I V  a n d  V .  
T h e  d i a g r a m  i n  F i g .  1 0  s h o w s  t h e  l a b e l i n g  o f  t h e  p a r t i c l e s  a n d  t H l i a n d  t h e  i r  
m o m e n t a .  T h e  v a r i o u s  c h a n n e l s  a r e  d e f i n e d  b y  
1 
s - c h a n n e l  :  s  =  ( k ,  +  k ^ ) ^ ,  r r  +  p  - >  T J  +  n  ( 6 _ ) |  ( 6 . 2  )  
t - c h a n n e l  :  t  =  ( k _  +  k ^ ) ^ ,  n  +  p  - »  n " * "  +  r ?  
u - c h a n n e l  :  u  =  ( k ^  +  k ^ ) ^ ,  7 7  +  p  - •  J t " ' "  +  n .  
T h e  c e n t e r  o f  m a s s  s c a t t e r i n g  a n g l e s ,  9 ^  a n d  0 ^  a r e  d e f i n e d  i n  F i g -  I Q l j g .  1 0 b  a n d  
1 0 c .  T h e  p h y s i c a l  m o m e n t a  i n  t h e  c e n t e r  o f  m a s s  s y s t e m  a r e  
s - c h a n n e l :  k j  =  ( u ) ,  q ) ,  k ^  =  ( E ,  - q )  ( 6 . , ) |  ( 6 . 3  )  
- k ^  =  ( i u ' , q ' ) ^  =  ( E ' , - q ' ) .  
t - c h a n n e l :  k ^  =  ( E , p ) ,  k ^  =  ( E ,  - p )  
- k ^  =  ( u j , - q ) ,  - k ^  =  ( c i ) ' , q ) -
T h e  h e l i c i t y  s t a t e s  a r e  n o r m a l i z e d  c o v a r i a n t l y :  
F o r  s p i n  z e r o  b o s o n s :  ( q ' | q )  =  2 m ^  ô ^ ( q '  -  q )  ( 6 .  , ) |  ( 6 . 4  )  
F o r  f e r m i o n s :  ( p ' , k ' | p , \ )  = ^ 6 , ,  ,  6 ^ ( p '  -  p )  .  
M  '  
W i t h  t h i s  n o r m a l i z a t i o n ,  t h e  T - m a t r i x ,  d e f i n e d  b y  
( f  i  S  -  1  i  i >  =  ~(2i t )^ i  ô ^ ( p ^  -  P j )  T ^ .  ( 6 . , ^ !  ( 6 . 5  )  
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(a) 
vb)  
(0 
F i g .  1 0 .  D i a g r a m s  D e f i n i n g  K i n e m a t i c  V a r i a b l e s  
( a ) :  D i a g r a m  d e f i n i n g  M a n d e l s t a m  v a r i a b l e s .  
( b )  :  T h e  s - c h a n n e l  k i n e m a t i c s  i n  t h e  c e n t e r  o f  m a s s  s y s t e m .  
( c )  :  T h e  t - c h a n n e l  k i n e m a t i c s  i n  t h e  c e n t e r  o f  m a s s  s y s t e m .  
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i s  a  L o r e n t z  s c a l a r .  T h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  f o r  r e a c t i o n  6 . 1  i s  
g i v e n  b y  
d^ct = (2j t )^ ô^(p^-pj)  |y  i  2 d^p'  • d^q'  (6.6 )  
J  E ' / M  2 U ) '  
w h e r e  t h e  c u r r e n t  d e n s i t y  J  i s  d e f i n e d  b y  t h e  p r o d u c t  o f  t h e  d e n s i t i e s  
o f  t h e  i n i t i a l  s t a t e s  a n d  t h e  r e l a t i v e  v e l o c i t i e s  o f  t h e  i n c i d e n t  p a r t i c l e s ,  
j  _ e / [q i  fp l  \  
- (2x)3 (2«)3m (  e )  
=  ( 2 j t )  ^  ^  ( E  +  t o )  
i n  t h e  c e n t e r  o f  m a s s  s y s t e m .  T h e  p a r t i c l e s  s t a t e s  a r e  n o r m a l i z e d  t o  o n e  
p a r t i c l e  p e r  u n i t  v o l u m e .  F o r  t h e  s - c h a n n e l  r e a c t i o n ,  t h e  t o t a l  c e n t e r  o f  
m a s s  e n e r g y  i s  g i v e n  b y  
N / S = : W  =  E +  U O  =  E ' + c u ' .  ( 6 . 7 )  
T h e  i n t e g r a t i o n  o v e r  d ^ q '  c a n  b e  c a r r i e d  o u t  b y  m e a n s  o f  t h e  d e l t a  f u n c t i o n ,  
a n d  t h e  r e s u l t i n g  e x p r e s s i o n  i s  
^ 3 ^  ^  l 2 j t _ }  M —  ^ —  ô [ ( p  +  q  -  p ' ) ^  -  e ( p ^  +  -  P ^ ' )  
2  q  W  E  '  
0 2  
T h e  r e l a t i o n  d  p '  =  p '  d p '  d f i  =  p '  E '  d E '  d f i  d e t e r m i n e s  t h e  a x i s  t o  w h i c h  
t h e  s c a t t e r i n g  a n g l e  i s  r e f e r r e d .  C a r r y i n g  o u t  t h e  f i n a l  i n t e g r a t i o n  o v e r  
t h e  d e l t a  f u n c t i o n ,  w e  o b t a i n  
A v e r a g i n g  o v e r  t h e  i n i t i a l  s p i n  s t a t e s  a n d  s u m m i n g  o v e r  t h e  f i n a l  s p i n  
s t a t e s  g i v e s  t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  f o r  a l l  p o s s i b l e  f i n a l  s t a t e  
s p i n  c o n f i g u r a t i o n s .  
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w h e r e  
f 'cd;ab( = ' t )  "  "  tcd;ab 
i s  t h e  s - c h a n n e l  h e l i c i t y  a m p l i t u d e  d e f i n e d  b y  W a n g  ( 1 5 ) ,  a n d  t h e  
helicity notation has been simplified by taking a^A.^ = b, = c, 
a n d  A . ^  =  d .  T h e s e  h e l i c i t y  a m p l i t u d e s  s a t i s f y  t h e  r e l a t i o n s  
^  c d ; a b  "  ^  ^ - c  - d ;  - a  - b  
w h e  r e  
c ( -ov^b-v^d (- , )  (a-b) -  (c-d).  
^ c ^ d  
t h e  [ ' s  a r e  t h e  i n t r i n s i c  p a r i t i e s  o f  t h e  p a r t i c l e s ,  
S " s " 
a n d  t h e  S ' s  a r e  t h e i r  s p i n s ,  
S  =  0 ,  S  =  0 ,  S  =  1 / 2 ,  S  =  1 / 2 .  
n ' ri ' p n  
T h e s e  r e l a t i o n s  i m p l y  t h a t  t h e r e  a r e  o n l y  t w o  i n d e p e n d e n t  h e l i c i t y  
a m p l i t u d e s  f o r  r e a c t i o n  6 . 1 ,  
f 'o*;  0+ = f 'o- ;0-  "  
a n d  
f ^  =  -  f ^  
0-;0+ 0+;0- . 
I n  t e r m s  o f  t h e  f o u r - m o m e n t u m  t r a n s f e r  t ,  t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  
i  s  
( 2 s L ) ( 2 S , +  , )  c L  =  
T h e  i n v a r i a n t  a m p l i t u d e s  f o r  r e a c t i o n  6 . 1 ,  A  a n d  B ,  a r e  d e f i n e d  b y  
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T '  O d  : 0 b  =  ( I 6 n )  ^  u ( p ' , d )  { - A ( S j t )  +  &  B ( s , t ) ]  u ( p , b ) .  ( 6 . 1 3 )  
w h e r e  H  =  - ^  ( q ^  +  q ^ J ^  7 ^  ,  a n d  t h e  u ' s  a r e  t h e  f o u r - c o m p o n e n t  D  i  r a c  
s p i n o r  n u c l é o n  w a v e  f u n c t i o n s .  i n  t h e  n o t a t i o n  o f  G a s i o r o w i c z  ( 2 7 ) ,  
u ( - q  e ^ , b )  =  ( - l ) ^ b  ^  e  u ( q € ^ , b )  ( 6 . 1 4 )  
= r  2m(e+m)]"^/2 E+M I X_b , 
2 b p  
u ( - q ' , d )  =  e ' ® ° ^ 2 ^ ^  u ( - q '  £ ^ , d )  
= r2m(e+m)]~'^^ E ' + M ^  ( c o s  
[ 2 é ç ' j  
8 .  _ .  8\ .  
-  - ,  s . n  - )  X _ j  
S  i  n e e  u  =  u  y  ,  
'  o 
u ( - q ' , d )  =  N '  ( E ^ / ,  - 2 d q ' )  X . y ^  ( c o s  |  +  i s  i n  | )  ,  ( 6 . 1 5 )  
w h e r e  w e  d e f i n e  
_  ( W  +  M )  - m _  E  =  E  +  M  =  
+  —  2 W  
E ' +  =  E '  +  M  =  -  " " c  
2 W  
N  =  [ 2 M ( E + M ) ] " ^ / ^ ,  N '  =  [ 2 M ( E ' + M ) ] " ' / 2  .  
T h e  f o u r - c o m p o n e n t  w a v e  f u n c t i o n s  a r e  p r o d u c t s  o f  t w o  t w o - d i m e n s i o n a l  
v e c t o r s  w h i c h  a r e  o p e r a t e d  o n  b y  t w o  s e t s  o f  P a u l i  m a t r i c e s ,  a n d  T ^ .  
The a's operate on the % spinors and the T's operate on the (E, cr. p) 
s p i n o r s .  i n  t h i s  n o t a t i o n  ,  
^ = Qo ^3 - 7- Q = - i CT-Q 
= j(u) + 0)') -J sine + a^(q+q' cos 0)] . 
The helicity amplitudes take the form 
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O d  ; 0 b  • 2 n M N N '  [ ( E '  ,  - 2 d q ' )  ( c o s  +  i  a  s i n  8 ^  (6.16) 
x[-A + -(tu + cuO t^B 
T^( CT^q'sin 8 (q q'cos 9))B ] + 
,2bqi  
T h e  r e l a t i o n s  
X-d^ X-b =®db 
• d  ' " 2  - ^ - b  
t  
d , - b  
x - d  " l  X - b  "  ® d , - b  
x. ;  <^3 x . ,  .  (-1)  d b  
i n s e r t e d  i n t o  6 . 1 6  g i v e  
f  ^  =  - 2 i t M N N  '  [  r  ( E  '  E  -  4 d b q q  '  )  ( - A )  +  • : ^ ( u )  +  u )  '  )  ( E  '  E  +  4 d b q q  '  )  B ]  
od ;ob • + + z + + 
2 6d,b + 2 ( -1)^ '^"^  ]  
-  ^  B  ( 2 b p  E ^ '  +  2 d p '  E _ ^ ) [ c o s  - < q '  s i n  0  5 ^  
+ (q + q'cos 6) (-1)^^^ * ^ + s in •|<q ' s i n 0 
X ( - 1  )  + ^ 6  
d , b  - (q + q' cos 0) ôj _j^> ]} (6 .17)  
U s i n g  t h e  r e l a t i o n s  
c o  +  w '  =  W - E  +  W ~ E '  =  2 ( W + M )  -  E _ ^ '  -
a n d  
q  +  q '  =  ( E + E _ ) ' / 2  +  ( E + ' E _ ' ) ' / 2 ,  
w e  f i n d  t h e  t w o  i n d e p e n d e n t  h e l i c i t y  a m p l i t u d e s  
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^ ^ O H - - 0 +  "  f  +  ( W - M )  B ]  ( 6 . 1 8 )  
- ( E _ ' E _ ) ^ ^  [ - A  -  ( W + M ) B ] }  
0 
=  J t  c o s  Y  ( ^ 1  *  ^ 2 ^ '  
a n d  
f V : 0 +  =  "  = i " f  ( f ,  -  V '  
w h e r e  
f ,  =  ( E _ ^ ' E ^ )  [ A  - (w-m)b] ,  ( 6 . 1 9 )  
f g  =  ( E _ ' E _ )  [ - A - ( W + M ) B ] .  
I n  t e r m s  o f  t h e  i n v a r i a n t  a m p l i t u d e s  o f  C G L N  ( 2 8 ) ,  A ^  a n d  B ^ ,  
A = -^ A^ , B = —^(-B*') , which gives 
f  ^  ( E ' + M ) ' / ^ ( E + M ) ^ / ^  [ A ^  +  ( W  -  M ) B ^ ]  ( 6 . 2 0 )  
^ 2  "  " f c  ( E ' - M )  ( E - M )  - A ^  +  ( W  +  M  ) B ^ ] .  
The amplitudes with definite total angular momentum, j = 'f' + "J j  a n d  
d e f i n i t e  p a r i t y ,  P  =  ( - 1 ) ^ ^ ^ ,  a r e  g i v e n  b y  
1 f^+ = — e — sin 6^ (6.21) 
4qW j - l  ( f ]  p t (z)  +  fg  pt+ l (^)  )  
I t  i s  e v i d e n t  f r o m  6 . 2 0  a n d  t h e  d e f i n i t i o n s  o f  i n  6 . 1 5  t h a t  
f j ( - W )  =  -  f g f W ) ,  w h i c h  l e a d s  t o  t h e  M a c D o w e l l  s y m m e t r y  r e l a t i o n  ( 1 4 ) ,  
f t .+  ( " )  =  -  ' l+ l , -  (6-22)  
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I n  o r d e r  t o  c a r r y  o u t  t h e  A r g a n d  a n a l y s i s  a n d  t o  d e t e r m i n e  t h e  
k i n e m a t i c  s i n g u l a r i t i e s  i n  t  o f  t h e  h e l i c i t y  a m p l i t u d e s  u s e d  i n  C h a p t e r  
I V ,  t h e  t - c h a n n e l  h e l i c i t y  a m p l i t u d e s  m u s t  b e  f o u n d  i n  t e r m s  o f  t h e  
i n v a r i a n t  a m p l i t u d e s ,  A  a n d  B .  T h i s  i s  d o n e  b y  c o n t i n u i n g  t h e  e x p r e s s i o n  
6 . 1 3  f o r  t o  t h e  t - c h a n n e l  p h y s i c a l  r e g i o n ,  u s i n g  t h e  n o t a t i o n  
i n  F i g .  ) 0 c ,  a n d  s u b s t i t u t i n g  f o r  t h e  o u t g o i n g  n u c l é o n  s p i n o r  u  a n  
e x p r e s s i o n  f o r  a n  i n c o m i n g  a n t i n u c l e o n ,  v ,  d e f i n e d  b y  
V  ( p ' , d )  =  N  ( 2 d p ' ,  - E + )  x / -  ( 6 . 2 3 )  
W i t h  t h e s e  p h a s e  c o n v e n t i o n s  f o r  t h e  s p i n o r s ,  t h e  h e l i c i t y  a m p l i t u d e s  
t a k e  t h e  f o r m  
f ^ O O - d b  v ( p ' , d ) C  - A  +  - j C q ' - q ) ^ 7 ^  B ]  u ( p , b )  ( 6 . 2 4 )  
= ( -1)  ( -2dp,  -e+)  x_ j^ [ -a  + j  (q' -q)^7^b]  f  
^  \  Z b p j  
= - ( - ! )  { p E + 6 j  ^ L ( 2 d + 2 b ) A  +  y ( " ^ ' - ^ )  ( - 2 d + 2 b ) B ]  
+  B  ( 4 d b p ^ - E ^ ^ ) [ q s i n  0 ^ 6 ^  +  q  c o s  0  ( - 1 ) ^ ^ ^  b  
T h e  t w o  i n d e p e n d e n t  t - c h a n n e l  h e l i c i t y  a m p l i t u d e s  a r e  
( p A  +  M q  c o s  0 ^  B ) ,  ( 6 . 2 5 )  
1 C R,  
=  -  —  ( p  A  -  M q  c o s  0 ^  B  )  
a n d  
f'00;+_ = - f'oo;  -+ = ="  '  
=  - %  E q  s i n  0  B ^  
2  t  
T h e  k i n e m a t i c  f a c t o r s  a r e  g i v e n  i n  t e r m s  o f  t h e  N a n d e l s t a m  v a r i a b l e s  b y  
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=  f t  -  i t  -  ( m b + m d ) 2 } ' / 2  
m 
=  1  ( t  -  4 M ^ ) f o r  m ,  =  m ,  =  M ,  
Y  b  d  '  
_  [ t - ( m  - m  ) 2 ] ' / 2  { t - ( m  + m  ) 2 ] ' / 2  
Cj — 3 C 3 C ^ 
2 stt 
t  = ( 2 E ) 2 ,  
2 2 2 2  2 2  2 2  @ ( s , t , u) = stu - s (m^ -m^ )(m^ -m^ ) -tfm^ -rrij^ ) (m^ -m^ ) 
,2  2 2 2 ,  ,  2 2 2!  2 \  
-  (m^ )  (m^ -m^ +m^ ) ,  
=  s t u  -  t  ( m  ^ - M ^ ) ( m  ^ - M ^ )  -  M ^ ( m  f o r  6 . 1 ,  
2 
w h e r e  s + t + u = S t n .  ,  
i  I  
cos •" '"a^ - - m/)  ^  
k t  p q  
_  s  u  f o r  m ,  =  m  ,  =  M  ,  
4pq b d ' 
1/2 
^  4 t p q  
^  = 2 / t  p q  s i n  8 ^ .  
W r i t i n g  6 . 2 5  i n  t e r m s  o f  t h e  M a n d e i s t a m  v a r i a b l e s ,  w e  o b t a i n  
f^QO.++. - (t-4M^) ^^^[(t-4M^)A^ - M(s-u) B^} 
= ( t -4m2)- ) /2  f^^ ,  
i  / .  , . .2 , -1 /2  a  1 /2  c  
s i n e  =  
^00:-+ = i(t-4m ) "  '  * '  b 
= ( t -w)" '^^  3^/2 f t_+^ 
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w h e  r e  
-  M(S-U) ( 6 . 2 7 )  
a n d  
a r e  t h e  k i n e m a t i c  s i n g u l a r i t y  f r e e ,  p a r i t y  c o n s e r v i n g  h e l i c i t y  a m p l i t u d e s  
( K S F P C H A )  w h i c h  a r e  R e g g e i z e d  i n  C h a p t e r  I V .  
I n v e r t i n g  6 . 2 7 ,  w e  o b t a i n  
=  — — Y ~  ^  "  M ( s - u )  ( 6 . 2 8 )  
t - 4 M  
8= .  4 f t  
- + 
T h e  r e l a t i o n s  6 . 2 8 ,  i n s e r t e d  i n t o  t h e  e x p r e s s i o n  f o r  f j  a n d  f ^  i n  6 . 1 9 ,  
a l l o w  t h e  p a r t i a l  w a v e  a n a l y s i s  i n  6 . 2 1  t o  b e  c a r r i e d  o u t ,  r e l a t i n g  t h e  
t - c h a n n e l  R e g g e  p o l e s  t o  t h e  d i r e c t  c h a n n e l  r e s o n a n c e s  w h i c h  a p p e a r  i n  
B .  R e g g e i z a t i o n  o f  H e l i c i t y  A m p l i t u d e s  
T h e  p r o c e d u r e  f o r  R e g g e i z i n g  h e l i c i t y  a m p l i t u d e s  a s  d e v e l o p e d  b y  
G e l l - M a n n ,  e t  a l .  ( 1 4 ) ,  i s  b r i e f l y  o u t l i n e d  h e r e  f o r  t h e  s a k e  o f  
c o m p 1 e t e n e s s .  
T h e  F - m a t r i x  i s  d e f i n e d  i n  t e r m s  o f  t h e  S - m a t r i x  b y  
f f i  -  (5f ,  -  0^, )  (2 i ) - '  
w h e r e  k  i s  t h e  c e n t e r  o f  m a s s  m o m e n t u m .  I n  t e r m s  o f  t h e  J a c o b - W i c k  
h e l i c i t y  a m p l i t u d e s  ( I 6 ) ,  t h e  s c a t t e r i n g  a m p l i t u d e s  f o r  z e r o  a z i m u t h a l  
a n g l e  a r e  d e f i n e d  b y  
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fcd;ab = z^2 j+ i )  (c ,d | f j |a ,b> d j^pce)  (6 .29)  
w h e r e  a  =  a - b ,  p  =  c - d  a n d  
< c , d | F ^ | a , b )  =  ( j m , c , d | F | j m , a , b ) .  
W h e n  p a r i t y  i s  c o n s e r v e d  i t  i s  u s e f u l  t o  d e f i n e  a m p l i t u d e s  o f  d e f i n i t e  
p a r i t y  b y  
f ' \d ;ab  ^  i  cc«d (6.30)  
w h e r e  .  i s  t h e  i n t r i n s i c  p a r i t y  a n d  S .  i s  t h e  s p i n  o f  p a r t i c l e  i  ^  a n d  
v  =  Y  f o r  h a  I f - i n t e g r a l  j  a n d  0  f o r  i n t e g r a l  j .  P a r i t y - c o n s e r v i n g  
s c a t t e r i n g  a m p l i t u d e s  a r e  d e f i n e d  b y  
' ^ c d j a b  ° I s i n  ( ^ - S D  
; ^ r ^ ( _ , ) S c + S d - v  ( f 2  s i n  § ) - > ° ' * ^ l ( / 2  c o s  
Xf -c-d;ab<z)  
w h e r e  =  m a x  ( | Q ^ , | p | )  a n d  z  =  c o s  0 .  B y  d e f i n i n g  n e w  f u n c t i o n s  
e - ' - ^ ( z )  -  j i / ' 2  c o s  | )  s i n  " I )  ( 6 . 3 2 )  
± ^ ( - 6 ^ 2  s i n  | ) - | » P l  (f2 C O S  f ) - | ° - P l  d - i ^  _ p ( e )  
w e  c a n  w r i t e  t h e  p a r i t y  c o n s e r v i n g  h e l i c i t y  a m p l i t u d e s  i n  t h e  f o r m  
f - c d ; a b  " - ^ 2  ' " ' - c d ; a b  +  F - ' ' ' c d ; a b ' .  
h 
T h e  g e n e r a l  e x p r e s s i o n  f o r  t h e  e ^ ' s  f o r  i n t e g r a l  j  a n d  n o n - n e g a t i v e  o c  a n d  
P  i n  t e r m s  o f  d e r i v a t i v e s  o f  L e g e n d r e  p o l y n o m i a l s ,  P  ,  i s  
j  
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^ op ( z )  =  ( - ! ) " [  ( j - a ) !  ( j - p ) i  /  ( j + a ) :  ( j + p ) l ]  ( 6 . 3 4 )  
Xd' '^"^ 'x (D^ -D -zD^)^  P j ( z ) ,  
w h e r e  D  =  m  =  m i n  ( | a | , | p | ) ,  a n d  e ^ g g  =  .  
I n  o r d e r  t o  i n v e s t i g a t e  t h e  p r o p e r t i e s  o f  t h e s e  a m p l i t u d e s ,  G e l l - M a n n ,  
e t  a l .  ( 1 4 ) ,  g i v e  a  h e u r i s t i c  d i s c u s s i o n  i n  w h i c h  s u c h  q u e s t i o n s  a s  j - p l a n e  
c u t s ,  f i x e d  p o l e s  a n d  e s s e n t i a l  s i n g u l a r i t i e s  a r e  i g n o r e d .  I n  t h e  s p i n  l e s s  
c a s e ,  t h e y  s t a r t  w i t h  t h e  e x p a n s i o n  
CO 
f ( z )  =  E  ( 2 j + l )  F - j  P . ( z ) ,  ( 6 . 3 5 )  
j = 0  J  
a n d  t h e  F r o i s s a r t  i n v e r s i o n  f o r m u l a ,  
F " ^  =  J  d z  m  ( z )  Q . J  ( x ) ,  ( 6 . 3 6 )  
w h e r e  t u ( z )  i s  t h e  w e i g h t  f u n c t i o n  o f  f ( z )  i n  a  d i s p e r s i o n  r e l a t i o n  i n  z .  
S i n c e  Q ^  h a s  f i x e d  p o l e s  f o r  j  a  n e g a t i v e  i n t e g e r ,  s o m e  p r o c e d u r e  f o r  
a v o i d i n g  t h e s e  m u s t  b e  f o u n d .  T h e  r e l a t i o n  
P .  =  —  t a n  j t j  ( Q .  -  Q .  .  , )  ( 6 . 3 7 )  j  « j  - j -1  
s u g g e s t s  t h a t  t h e  f i x e d  p o l e s  c a n  b e  a v o i d e d  b y  d e f i n i n g  
R .  =  -  —  t a n  n j  Q  .  ,  ( 6 . 3 8 )  j  - j -1  
= r(j + l)/r(j+l) ( 2 z ) j  F ( - j / 2 ,  l / 2 - j / 2 ;  1 / 2 - j ;  z " ^ )  .  
A t  j  =  0 ,  1 ,  2 ,  . . . ,  R j  =  P j  a n d  a t  j  =  - 1 ,  - 2 ,  . . . ,  R ^  =  0 .  S i n c e  
F - "  i s  f i n i t e  a t  n e g a t i v e  i n t e g r a l  j  b y  a s s u m p t i o n ,  t h e  s u m  c a n  b e  e x t e n d e d  
t o  a l l  j :  
+CO 
f ( t , z )  =  S  ( 2 j + l )  F - ' ( t )  R . ( z ) .  ( 6 . 3 9 )  
j  —-00 
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T h e  s u m m a t i o n  i s  c o n v e r t e d  t o  a  c o n t o u r  i n t e g r a l  b y  t h e  S o m m e r f e I d - W a t s o n  
t  r a n s f o r m ,  
f ( t , z )  R j ( - , ) ,  ( 6 . 1 , 0 )  
w h e r e  t h e  c o n t o u r  e n c l o s e s  t h e  e n t i r e  r e ë 1  a x i s .  T h e  R j ( z )  h a v e  p o l e s  a t  
t h e  h a  I f - i n t e g e r s  w h i c h  a r e  c a n c e l e d  a s  f o l l o w s :  T h e  f a c t o r  ( 2 j  +  l )  c a n c e l s  
i  ~  i  -  1  t h e  p o l e  a t  j  =  - 1 / 2 ;  f r o m  t h e  F r o i s s a r t  i n v e r s i o n  6 . 3 6 ,  F  =  F  a t  
h a  I f - i n t e g r a l  j ,  a n d  t h e  r e s i d u e s  o f  
a t  h a l f - i n t e g r a l  j  a n d  - j - 1  a r e  e q u a l  a n d  o p p o s i t e ,  t h u s  c a n c e l l i n g  t h e  
p o l e s .  T h e  c o n t o u r  i s  e x p a n d e d  t o  i n f i n i t y ,  a n d  i t  i s  a s s u m e d  t h a t  o n l y  
m o v i n g  p o l e s  a r e  p i c k e d  u p  i n  t h e  c o m p l e x  j - p l a n e ;  f u r t h e r m o r e ,  t h e  p o l e s  
a r e  a s s u m e d  t o  d o m i n a t e  a n y  c o n t r i b u t i o n  f r o m  t h e  b a c k g r o u n d  i n t e g r a l .  
A  p o l e  i n  F " *  o f  t h e  f o r m  p ( t )  ( j  -  a )  ^  g i v e s  a  c o n t r i b u t i o n  t o  f ( t , z )  
e q u a l  t o  
I f  a  m o v i n g  p o l e  p a s s e s  t h r o u g h  a  v a l u e  a  =  f o r  =  1 / 2 ,  3 / 2 ,  .  
a t  s o m e  e n e r g y  t ^ ,  t h e n  u n l e s s  t h e  r e s i d u e  v a n i s h e s  t h e r e ,  t h e  r e l a t i o n  
F - '  =  F  ^ ,  j  h a  1  f - I n t e g r a  1 ,  i m p l i e s  t h a t  a n o t h e r  t r a j e c t o r y  a '  m u s t  p a s s  
t h r o u g h  - j ^ - l  a t  t h e  s a m e  e n e r g y  w i t h  e q u a l  a n d  o p p o s i t e  r e s i d u e ,  c o m p e n ­
s a t i n g  f o r  t h e  p o l e  a t  t h a t  e n e r g y .  
T o  e x t e n d  t h i s  m e t h o d  t o  t h e  c a s e  i n c l u d i n g  t h e  e f f e c t s  o f  s p i n ,  t h e  
f u n c t i o n s  ( z )  a r e  d e f i n e d  b y  r e p l a c i n g  t h e  P j  i n  t h e  d e f i n i t i o n  o f  
e - ^ ^ .  E q u a t i o n  6 . 3 4 ,  b y  Rj(z). F o r  j  =  1 ,  2 ,  3 ,  . . . ,  -
F o r  j  =  - 2 ,  - 3 ,  . . . ,  ^  = 0 ,  a n d  F " ^ —  a r e  f i n i t e ,  s o  t h e  s u m  m a y  b e  
e x t e n d e d  t o  t h e s e  v a l u e s .  F o r  j  = 0 ,  - 1 ,  h o w e v e r ,  i t  i s  s h o w n  ( 1 4 )  t h a t  
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F  ~  =  a n d  E ^ —  =  E ^  s o  t h a t  t h e s e  t e r m s  c a n c e l  i n  t h e  p a r t i a l  
w a v e  s u m .  T h u s  t h e  p a r t i a l  w a v e  s u m  
m a y  b e  e x t e n d e d  t o  a  c o n t o u r  i n t e g r a l  a s  i n  6 . 4 0 ,  a n d  t h e  p o l e s  a t  
h a  I f - i n t e g r a l  j  a r e  c a n c e l l e d  a s  b e f o r e ,  w i t h  F " ^ —  =  F  ^  f o r  j  h a l f -
i n t e g r a l .  T h e  c o n t r i b u t i o n s  f r o m  t h e  R e g g e  p o l e s  t a k e  t h e  f o r m  
eK >  *  ( - , )  p + ( t )  -  P -  '  
S I  n  j r o ;  —  s i n  i r o :  ^  +  
+ — 
— + 
j +  ]  
f r o m  t h e  t r a j e c t o r i e s  q : _ ^  a n d  a _  c o r r e s p o n d i n g  t o  p o l e s  i n  F  a n d  F - ^ — .  
F o r  t h i s  a m p l i t u d e  a  n e w  t y p e  o f  c o m p e n s a t i o n  h a s  a p p e a r e d  w h i c h  c a n  
b e  u n d e r s t o o d  i n  t h e  f o l l o w i n g  w a y .  A  c h a n n e l  i s  r e f e r r e d  t o  a s  a  " n o n ­
s e n s e "  c h a n n e l  w h e n  j  a  =  a - b  o r  j  <  p  =  c  -  d ,  s i n c e  t h a t  v a l u e  o f  j  
i s  n o t  r e a c h e d  p h y s i c a l l y .  I f  j  >  c c  o r  j  >  p ,  t h e n  t h a t  c h a n n e l  i s  c a l l e d  
a  " s e n s e "  c h a n n e l ,  a n d  o n e  e x p e c t s  t o  f i n d  a  p h y s i c a l  p a r t i c l e  f o r  t h a t  
p a r t i c u l a r  v a l u e  o f  j  a t  t h e  e n e r g y  f o r  w h i c h  t h e  t r a j e c t o r y  p a s s e s  t h r o u g h  
j .  T h e  p o s s i b l e  c o m b i n a t i o n s  o f  r e s i d u e  f u n c t i o n s  a r e  d e f i n e d  b y  
^ s s  | c - d |  <  j  ;  
P ^cdiab ~ P  f o r  | c - d |  <  j  <  | a - b |  ;  ( 6 . 4 2 )  s n  
P  f o r  j  <  | a - b |  a n d  | c - d | .  
n n  
T h e s e  a r e  c a l l e d  s e n s e - s e n s e  ,  s e n s e - n o n s e n s e  ( p ^ ^ ) ,  a n d  n o n s e n s e -
n o n s e n s e  ( p ^ ^ )  a m p l i t u d e s .  C o n s i d e r  a  t r a j e c t o r y  p a s s i n g  t h r u  j  =  0  
f o r  a  c e r t a i n  v a l u e  o f  t h e  e n e r g y  i n  a n  a m p l i t u d e  w i t h  | a - b |  =  | c - d |  =  1 .  
I f  t h e  t r a j e c t o r y  c h o o s e s  s e n s e  a t  j  =  0 ,  P ~ |  ^  m u s t  v a n i s h  l i k e  a s  
q : _ ^  - *  0  s o  t h a t  n o  " g h o s t "  s t a t e  a p p e a r s  e ^ . ,  a  s t a t e  w i t h  p h y s i c a l  s p i n  
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j  =  O j  b u t  n e g a t i v e  m a s s ^ s T t ^ ) .  H o w e v e r ,  i f  t h e  t r a j e c t o r y  c h o o s e s  
n o n s e n s e  a t  =  0 ,  t h e n  ^  i  s  n o n - z e r o  t h e r e  a n d  t h e  " g h o s t "  m u s t  b e  
c o m p e n s a t e d  f o r  ( " k i l l e d " )  b y  s o m e  o t h e r  m e c h a n i s m ,  s i n c e  t h e  p h y s i c a l  
a m p l i t u d e s  c a n n o t  h a v e  a  s i n g u l a r i t y  a t  a  n o n s e n s i c a l  v a l u e  o f  j .  T h i s  
c a n c e l l a t i o n  i s  a c c o m p l i s h e d  b y  a  c o m p e n s a t i n g  t r a j e c t o r y  w i t h  o p p o s i t e  
p a r i t y ,  a _ ,  w h i c h  p a s s e s  t h r o u g h  o c _  =  - 1  a t  t h e  s a m e  e n e r g y  f o r  w h i c h  
+ + — 
p a s s e s  t h r o u g h  z e r o .  S i n c e  
p(o)±,  
t h e  t r a j e c t o r i e s  c a n c e l  e a c h  o t h e r ,  l e a v i n g  f —  f i n i t e .  
T h i s  e x a m p l e  i s  g e n e r a l i z e d  t o  a r y  i n t e g r a l  v a l u e  o f  | a - b |  a n d  | c - d |  
i n  t h e  f o l l o w i n g  m a n n e r .  T h e  v a l u e s  j ^  o f  j  ( j ^  =  0 ,  1 ,  . . . ,  m i n f | a - b | , | c - d  
f o r  w h i c h  w e  h a v e  a  n o n s e n s e - n o n s e n s e  t r a n s i t i o n  c o m p e n s a t e  f o r  t h e  c o r r e s ­
p o n d i n g  t e r m s  w i t h  j  =  - j ^  - 1 .  F o r  a l l  r e l e v a n t  v a l u e s  o f  j ^ ,  w e  h a v e  
e J < ^ ^  .  a n d  F - i & t  =  +  ,  
w h e r e  t h e  l e a d i n g  t e r m s  i n  a t  l a r g e  z  v a n i s h  a s  j  =  j ^  d o w n  t o  a  t e r m  
( - i  - 1 ) —  
o f  t h e  r i g h t  b e h a v i o r  t o  c o m p e n s a t e  t h e  l e a d i n g  t e r m s  i n  E  o  ^ .  F o r  
h a l f - i n t e g r a l  v a l u e s  o f  | a - b )  a n d  | c - d j ,  t h e  c o m p e n s a t i o n  f o r  t h e  r e l e v a n t  
p a i r s  o f  i n t e g r a l  j  o c c u r s  w i t h o u t  a  c h a n g e  i n  t h e  p a r i t y  i n d e x ,  l e a v i n g  
6  f i n i t e  a t  t h e s e  n o n s e n s e  p o i n t s .  
n n  
A  r a t h e r  c o m p l e t e  d i s c u s s i o n  o f  t h e  v a r i o u s  g h o s t - k i l l i n g  m e c h a n i s m s  
i s  g i v e n  b y  L .  B e r t o c c h i  ( 2 5 ) .  A  b r i e f  s u m m a r y  o f  t h i s  t r e a t m e n t  i s  
i n c l u d e d  h e r e  f o r  c o m p l e t e n e s s .  
S i n c e  t h e  r e s i d u e  f u n c t i o n s  6  ,  p  ,  p  a r e  a s s u m e d  t o  b e  f a c t o r i z a b i ;  
s s '  s n  n n  
( i .  e . ,  t h e y  a r e  t h e  p r o d u c t s  o f  t w o  t e r m s  r e f e r r i n g  t o  t h e  t w o  
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d i f f e r e n t  v e r t i c e s ,  ( c , d )  a n d  ( a , b ) ) ,  t h e y  a r e  c o n s t r a i n e d  t o  s a t i s f y  
(psn) '  -pss pnn-  (^• ' '3 )  
T h i s  c o n d i t i o n  i s  i m p o r t a n t  i n  d e t e r m i n i n g  t h e  s i n g u l a r i t y  s t r u c t u r e  o f  
r e s i d u e  f u n c t i o n s .  
A n  e x a m p l e  o f  t h e  e f f e c t s  o f  t h e  v a r i o u s  g h o s t - k i l l i n g  m e c h a n i s m s  i s  
e l a s t i c  n u c 1 e o n - n u c 1  e o n  s c a t t e r i n g ,  i n  w h i c h  a l l  t h r e e  k i n d s  o f  a m p l i t u d e s  
o c c u r .  I n  t h i s  c a s e ,  w e  d e f i n e  
( n o  h e  l i  c i t y  f l i p ) ,  ( 6 . 4 4 )  
=  ( h e l i c i t y  f l i p  i n  o n e  v e r t e x ) ,  
T ,  =  T  ( d o u b l e  h e l i c i t y  f l i p ) .  
+ -  n n  /  r /  
B y  i n v e s t i g a t i n g  t h e  b e h a v i o r  o f  t h e  E " *  f u n c t i o n s  n e a r  n o n s e n s e  p o i n t s ,  
w e  c a n  d e t e r m i n e  t h e  b e h a v i o r  o f  t h e  a m p l i t u d e s  t o  b e  
tss  ~  pss s  '  "sn ~  -^ /2  ^sn v  "nn "  ^nn v  
=  ( 1  +  e  ' ^ ^ j / s i n  i r C t ,  a n d  t h e  +  i s  d e t e r m i n e d  b y  t h e  s i g n a t u r e ,  ( - 1 ) ^ ,  
o f  t h e  R e g g e  t r a j e c t o r y  i n v o l v e d .  
A  r i g h t  s i g n a t u r e  i n t e g e r  i s  a n  i n t e g e r  v a l u e  o f  a  w h i c h  h a s  t h e  s a m e  
p a r i t y  a s  t h e  v a l u e s  o f  t h e  a n g u l a r  m o m e n t u m  f o r  w h i c h  p h y s i c a l  p a r t i c l e s  
a c t u a l l y  a p p e a r  o n  t h e  t r a j e c t o r y .  W r o n g  s i g n a t u r e  p o i n t s  a r e  t h o s e  w h i c h  
- ] 
h a v e  t h e  w r o n g  p a r i t y .  A t  a  r i g h t  s i g n a t u r e  p o i n t ,  £ Q,  ~  o :  ,  a n d  a t  a  
w r o n g  s i g n a t u r e  p o i n t ,  S q ,  ~  c o n s t a n t .  C o n s i d e r  t h e  b e h a v i o r  o f  t h e  a m p l i ­
t u d e s  n e a r  t  -  t  ,  w h e r e  a ( t  )  =  0 .  T h e  a m p l i t u d e  T  c o n t a i n s  a  f a c t o r  
o  o  ^  s n  
1 /2 (X  w h i c h  m u s t  b e  c a n c e l l e d  i f  a  b r a n c h  p o i n t  a t  t  =  t ^  i s  t o  b e  a v o i d e d .  
S i n c e  t h e r e  i s  n o  g e n e r a l  r e a s o n  t o  e x p e c t  a  b r a n c h  p o i n t  t h e r e ,  w e  c a n  
k i l l  t h e  s i n g u l a r i t y  a n d  s a t i s f y  f a c t o r i z a t i o n ,  6 . 4 3 ,  b y  t a k i n g  
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P  ~  ' '  f ^ s n  ~  a n d  ~  a(QH- l ) ,  ( 6 . 4 5 )  
w h i c h  i s  c a l l e d  t h e  s e n s e - c h o o s i n g  m e c h a n i s m ;  a n  a l t e r n a t i v e  c h o i c e  i s  
p  ~ a ( a + l ) ,  p  -  { « ( O H - I ) }  a n d  p  -  1 ,  ( 6 . 4 6 )  
o  3  o i l  n  n  
w h i c h  i s  c a l l e d  t h e  G e l l - M a n n  m e c h a n i s m ,  a n d  w a s  d i s c u s s e d  e a r l i e r .  I f  
t h e  p o i n t  i n  q u e s t i o n  i s  a  r i g h t  s i g n a t u r e  p o i n t ,  h o w e v e r ,  t h e  s e n s e -
c h o o s i n g  m e c h a n i s m  l e a v e s  T  w i t h  a  p o l e  a t  o : ( t = t  )  =  0 ;  i f  t  <  0 ,  
^  s s  o  o  
t h i s  w o u l d  i m p l y  t h e  e x i s t e n c e  o f  a  p a r t i c l e  w i t h  s p i n  Q : ( t ^ )  a n d  i m a g i n a r y  
m a s s ,  V t ^  ( a  g h o s t ) .  A l s o ,  t h e  f o r m  o f  t h e  a m p l i t u d e  c o m e s  f r o m  t h e  
l e a d i n g  t e r m  i n  s  ;  t h e  m i r r o r  r e f l e c t e d  t e r m  a r o u n d  a  =  - 1 / 2 ,  w h i c h  b e h a v e s  
-CZ- 1 l i k e  s  ,  d o e s  n o t  c o n t a i n  t h e  f a c t o r  a ,  a n d  t h e  G e l l - M a n n  m e c h a n i s m  
l e a v e s  a  p o l e  i n  t h i s  n o n - a s y m p t o t i c  t e r m  w h i c h  m u s t  b e  r e m o v e d  b y  a  
c o m p e n s a t i n g  t r a j e c t o r y .  
A n o t h e r  w a y  t o  r e m o v e  t h e s e  d i f f i c u l t i e s  i s  t o  m u l t i p l y  e a c h  o f  
t h e  f a c t o r s  i n  6 . 4 5  a n d  6 . 4 6  b y  a n o t h e r  f a c t o r  o f  oc .  T h i s  l e a d s  t o  
p  Q ! ,  p ^ ^  ~  a [ a ( a + l ) } a n d  p ^ ^  ~  ( o : + l ) ,  ( 6 . 4 ? )  
w h i c h  i s  c a l l e d  t h e  C h e w  m e c h a n i s m ,  o r  
p  ~  p  ~  a [ a ( a + i ) } a n d  p  ~ o : ( a + l ) ,  ( 6 . 4 8 )  S  S  s  n  n  n  
w h i c h  i s  c a l l e d  t h e  n o n - c o m p e n s a t i n g  m e c h a n i s m .  I n  t h e  n o n - c o m p e n s a t i n g  
m e c h a n i s m ,  t h e r e  i s  n o  g h o s t  e v e n  i n  t h e  n o n - a s y m p t o t i c  t e r m  a n d  n o  
c o m p e n s a t i n g  t r a j e c t o r y  i s  r e q u i r e d .  H o w e v e r ,  i f  a  c o m p e r s a t i n g  t r a j e c t o r y  
"*01"' 1 
i s  n o t  t h e r e ,  t h e  n o n - a s y m p t o t i c  t e r m ,  w h i c h  b e h a v e s  a s  s  ,  d o m i n a t e s  
ct  >-
t h e  l e a d i n g  t e r m  s  a t  o :  =  0 ,  s i n c e  T  ,  T  ,  a n d  t h e  l e a d i n g  t e r m  o f  T  
^  s s  s n  n n  
v a n i s h  t h e r e .  O t h e r  p o s s i b i l i t i e s  o f  e x t r a  f a c t o r s  o f  a ,  s i m p l y  c h a n g e  
t h e  m a n n e r  i n  w h i c h  t h e  a m p l i t u d e s  v a n i s h  a n d  w o u l d  b e  d i f f i c u l t  t o  d i s t i n ­
g u i s h  e x p e r i m e n t a l l y  f r o m  6 . 4 7  a n d  6 . 4 8 .  
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T h e  c h o i c e  o f  a  g h o s t - k i l l i n g  m e c h a n i s m  i s  a  d y n a m i c a l  q u e s t i o n  w h i c h  
m u s t  b e  d e c i d e d  b y  p h e n o m e n o l o g i c a 1  a n a l y s i s .  I n  t h e  a n g u l a r  d i s t r i b u t i o n  
—  o  f o r  t h e  r e a c t i o n  i t  +  p  T t  +  n ,  t h e  s e n s e - c h o o s i n g  m e c h a n i s m  f o r  t h e  p  
2 t r a j e c t o r y  f o r c e s  T  t o  v a n i s h  a t  t  =  - 0 . 6  ( G e V / c )  ,  w h i l e  T  r e m a i n s  
s n  s s  
f i n i t e  t h e r e  ( a  =  0  i s  a  w r o n g  s i g n a t u r e  p o i n t  f o r  t h e  p ,  s o  t h e r e  i s  n o  
g h o s t  t h e r e ) .  T h e  p r e s e n c e  o f  a  l a r g e  d i p  a t  t h a t  v a l u e  o f  t  i n  t h e  
a n g u l a r  d i s t r i b u t i o n  f a v o r s  t h i s  m e c h a n i s m .  T h e  a b s e n c e  o f  a  s i m i l a r  d i p  
i n  J t  +  p  - •  7 7  +  n  a n g u l a r  d i s t r i b u t i o n ,  i n  w h i c h  t h e  t r a j e c t o r y  i s  
e x c h a n g e d ,  f a v o r s  t h e  G e l l - M a n n  m e c h a n i s m .  T h i s  l e a v e s  b o t h  T  a n d  T  
^  s s  s n  
f i n i t e  a t  a  =  0  ( a  r i g h t  s i g n a t u r e  p o i n t  f o r  t h e  A g ) ,  a n d  p r o d u c e s  n o  
d i p s  i n  t h e  a n g u l a r  d i s t r i b u t i o n .  
O t h e r  a p p l i c a t i o n s  o f  g h o s t - k i l l i n g  m e c h a n i s m s  a r e  r e v i e w e d  i n  ( 2 5 ) .  
C .  T h e  G e n e r a l  F o r m  o f  t h e  T h r e e - C h a n n e l  S c a t t e r i n g  M a t r i x  
I n  o r d e r  t o  i n v e s t i g a t e  t h e  p r o p e r t i e s  o f  a n  i n e l a s t i c  r e a c t i o n ,  o n e  
m u s t  c o n s i d e r  a t  l e a s t  a  t h r e e  c h a n n e l  S - m a t r i x  d e s c r i b i n g  a n  e l a s t i c  
c h a n n e l ,  t h e  i n e l a s t i c  c h a n n e l  o f  i n t e r e s t ,  a n d  a  t h i r d  c h a n n e l  r e p r e s e n t ­
i n g  a l l  t h e  r e m a i n i n g  c h a n n e l s ,  o p e n  o r  c l o s e d .  A s s u m i n g  o n l y  u n i t a r i t y  
a n d  s y m m e t r y  ( f r o m  t i m e - r e v e r s a l  i n v a r i a n c e ) ,  w e  f i n d  t h a t  t h e  g e n e r a l  
S - m a t r i x  f o r  t h e  t h r e e  c h a n n e l  c a s e  h a s  s i x  i n d e p e n d e n t  p a r a m e t e r s  a n d  
t h a t  t h e  o f f - d i a g o n a l  p h a s e  s h i f t s  a r e  n o t ,  i n  g e n e r a l ,  f a c t o r i z a b l e .  
T h e  a d d i t i o n a l  a s s u m p t i o n  o f  f a c t o r i z a b i 1 i t y  o f  t h e  p h a s e  s h i f t s  o f  t h e  
i n e l a s t i c  t e r m s  r e d u c e s  t h e  n u m b e r  o f  i n d e p e n d e n t  p a r a m e t e r s  t o  f i v e  a n d  
a f f o r d s  a  s i m p l i f i c a t i o n  i n  t h e  f o r m  o f  t h e s e  o f f - d i a g o n a l  e l e m e n t s .  T h i s  
a s s u m p t i o n  i s  e s s e n t i a l l y  t h e  r e q u i r e m e n t  t h a t  t h e  e l a s t i c  c h a n n e l  r e s o ­
n a n c e s  m u s t  a l s o  o c c u r  i n  t h e  i n e l a s t i c  c h a n n e l s .  W e  r e g a r d  t h i s  a s  a  
p h y s i c a l l y  r e a s o n a b l e  h y p o t h e s i s .  
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T o  f i n d  t h e  g e n e r a l  f o r m  o f  a  3 x 3  s y m m e t r i c  u n i t a r y  m a t r i x  w e  n e e d  o n l y  
c o n s i d e r  a  g e n e r a l  u n i t a r y  m a t r i x  i n  t h e  r e p r e s e n t a t i o n  u s u a l l y  c o n s i d e r e d  
u s e f u l  i n  t r e a t i n g  S U ( 3 )  ( 2 9 ) •  L a b e l l i n g  t h e  g e n e r a t o r s  o f  t h e  L i e  a l g e b r a  
b y  
{  J  . }  =  
0 0 
0 0 
0 0 
0  i  
-  i  0 .  
0 
0 
0 0 0 /  ^3 
( 6 . 4 9 )  
{ K . }  =  [ N  =  0  0  0  ,  N '  =  
0  0  i  
0  0  i  
0 0 0 
- I  0  0  
/ 0 0 0 
,  M  =  I  0  0  1  
w e  c a n  u s e  a  t h e o r e m  q u o t e d  b y  H e r m a n n  ( 3 0 )  w h i c h  s t a t e s  t h a t  a n y  c o n n e c t e d  
L i e  g r o u p  G  w h i c h  o n l y  h a s  a  f i n i t e  c e n t e r  a n d  h a s  a  c o n n e c t e d  s u b g r o u p  
[ j j ]  h a s  t h e  " a l m o s t  u n i q u e "  d e c o m p o s i t i o n  
9 =  k ' j ,  
w h e r e  k  =  e ' ^ ^  a n d  j  =  e ' ^ ^ .  T h i s  d e c o m p o s i t i o n  i s  " a l m o s t  u n i q u e "  i n  t h e  
s e n s e  t h a t  t h e  e l e m e n t s  o f  G  t h a t  h a v e  a n  a m b i g u o u s  r e p r e s e n t a t i o n  o f  t h i s  
t y p e  l i e  o n  c e r t a i n  l o w e r  d i m e n s i o n a l  s u b m a n i f o l d s  i n  G .  S i n c e  U  c o m m u t e s  
w  I  i t h  t h e  T . ,  a  g e n e r a l  S U ( 3 )  m a t r i x  i n  t h e  f o r m  
3 i d U  2 i a * T  i ( n N  +  n ' N '  +  m M  +  m ' M ' )  W  =  e  e  e  ( 6 . 5 0 )  
U s i n g  H a u s d o r f f ' s  t h e o r e m  ( 2 9 )  a n d  m a k i n g  a p p r o p r i a t e  r e d e f i n i t i o n s  o f  
t h e  p a r a m e t e r s ,  t h i s  c a n  b e  w r i t t e n  i n  t h e  f o r m  
3 i d U  2 i a - T  3 i d U  i n N  2 i a ' - T  ( 6 . 5 1 )  W  =  e  e  e  e  e  
3 i d U  2 i a . T  i n N  2 i a ' - T  3 i d U  
=  e  e  e  e  e  ,  
83 
w h e r e  u s e  h a s  b e e n  m a d e  o f  t h e  r e l a t i o n  
i b U  i n N  - i b U  2 i b T ,  i n N  - 2 i b T ,  
e  e  e  = e  3  e  e  3  .  
S i n c e  w e  a r e  c o n s i d e r i n g  o n l y  t h e  s u b s e t  o f  S U ( 3 )  m a t r i c e s  c o n t a i n i n g  t h e  
s y m m e t r i c  m a t r i c e s  ( f r o m  t i m e - r e v e r s a l  i n v a r i a n c e  o f  t h e  S - m a t r i x ) ,  w e  c a n  
w r i t e  
W  =  S ' -  e ^ ' ^ ' " ^  ,  ( 6 . 5 2 )  
w h e  r e  
= (6-53)  
A  g e n e r a l  u n i t a r y ,  s y m m e t r i c  3 ^ 3  m a t r i x  d e p e n d s  o n  s i x  p a r a m e t e r s  a n d  
c a n  b e  w r i t t e n  i n  t h e  f o r m  
S  =  . s '  ( 6 . 5 4 )  
2 i e  ,  3 i d U  2 i a T _  2 i b T _  2 i c T _  i n N  2 i c T _  - 2 i b T „  2 i a T _  3 i d U \  
=  e  ( e  e  3  e  2  e  3  e  e  3  e  2  e  3  e  
s i n c e  U  a n d  N  a r e  s y m m e t r i c  a n d  i s  a n t i s y m m e t r i c .  D o i n g  t h e  i n d i c a t e d  
o p e r a t i o n s ,  w e  o b t a i n  f o r  t h e  m a t r i x  e l e m e n t s  o f  S  t h e  f o l l o w i n g :  
=  e ^ ' ®  e 2 ' ( d + a ) ( c o s 2 b  c o s  n  e ^ ' ^  +  s i n ^ b  e " ^ ' ^ )  ( 6 . 5 5 )  
S | 2  =  ( - s i n  b  c o s  b  e ^ ' ^ )  ( c o s  n  e ^ ' ^  -  e  ^ ' ' ' )  
=  e ^ ' ^  ( i  c o s  b  s i n  n  e  '  
$ 2 2  =  c o s  n  e ^ ' ^  +  c o s ^ b  e ~ ^ ' ^ )  
$ 2 2  =  ( - i  s i n  b  s i n  n  e  ' ( d + a + c ) ^  
2 i e  - 4 i d  
=  e  c o s  n  e  
S i n c e  a n  e l a s t i c  s c a t t e r i n g  a m p l i t u d e  c a n  b e  p a r a m e t e r i z e d  i n  t e r m s  o f  a  
t w o - p a r a m e t e r  c o m p l e x  p h a s e  s h i f t ,  w e  w a n t  t o  r e l a t e  t h e  m a t r i x  S  i n  6 . 5 4  
t o  a  m a t r i x  o f  t h e  f o r m  
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S  -  ^  
ue:(d,+d2+x)  ve i (d ,+d3+y)  
we' fdz+ds+z)  } , ( 6 . 5 6 )  
w h e r e  t h e  c o m p l e x  p h a s e  s h i f t  6 .  h a s  b e e n  p u t  i n t o  t h e  f o r m  
Ô .  =  d .  +  \ (X . ,  \  =  ] ,  Z ,  3 ,  a n d  t h e  i n e l a s t i c i t y  p a r a m e t e r s  r ,  s ^  a n d  t ^  a r e  
- 2(x - 20! - 20C g i v e n  b y  r  =  e  1 ,  s  =  e  2 ,  a n d  t  =  e  3 -  F r o m  t h e s e  d e f i n i t i o n s  a n d  t h e  
r e s t r i c t i o n  t h a t  (X .  b e  p o s i t i v e  o r  z e r o ,  w e  f i n d  t h e  r e s t r i c t i o n  
0  ^  r ,  s ,  t  ^  1 .  
T h e  p a r t i a l  w a v e  s u b s c r i p t  - t +  h a s  b e e n  o m i t t e d  o n  a l l  t h e  p a r a m e t e r s  f o r  
s  i m p  1 i c i t y .  
C o m p a r i n g  6 . 5 6  w i t h  6 . 5 5 ,  w e  c a n  i m m e d i a t e l y  i d e n t i f y  
t  =  c o s  n  ,  ( 6 . 5 7 )  
d ^  =  e  -  2 d .  
M a n i p u l a t i n g  t h e  o t h e r  t w o  d i a g o n a l  t e r m s ,  w e  o b t a i n  t h e  r e l a t i o n s  
c o s  2 b  =  ( r ^  -  s ^ ) / ( t ^  -  1 ) ,  
|u |2  = j  (1 -  r2 _ s2 +  tz) ,  
( 6 . 5 8 )  
v|2 = 1  (,  -  r2 +  s2 -  t2) .  
|w|2 = 1  (1 + r^  _ -  t^ ) .  
U n i t a r i t y  a n d  s y m m e t r y  o f  S  r e q u i r e  t h a t  
S . .  =  c o f a c t o r  S . . /  d e t  S ,  
i j  u  
w h i c h  g i v e s  
w "  =  ( S t  e " '  ( " z + d ; )  _  ^  , 2 i ( e - d , ) j  .  , - 2 i ( W z )  (6 .59)  
L e t  f  =  e  -  d j  ~  ^ 2  ~  * ^ 3 '  T h ^ "  6 . 5 9  c a n  b e  w r i t t e n  
2  ,  2  i f ,  - 2 i z  
w  =  ( s t  - r e  )  e  (6.60) 
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B y  c o m b i n i n g  e q u a t i o n s  6 . 5 8  a n d  6 . 6 0 ,  w e  o b t a i n  a n  e q u a t i o n  f o r  c o s  2 f j  
• ^ ( 1  +  r ^  -  -  t ^ ) ^  =  s ^  +  r ^  -  2 r s t  c o s  2 f ,  ( 6 . 6 1 )  
w h i c h  l e a d s  t o  
( 1  +  r ^  +  s ^  +  t ^  - 2 r ^ s ^  - 2 r ^ t ^  - 2 s ^ t ^  - 2 r ^  - 2 s ^  - 2 t ^ )  
c o s  2 f  =  n  7  •  ( o . o 2 j  
- o r s t  ^  
f t  s h o u l d  b e  n o t e d  t h a t  t h e  e q u a t i o n  f o r  t h e  p h y s i c a l  b o u n d a r y  o f  
t h e  i n e l a s t i c i t y  p a r a m e t e r s ,  r ,  s ,  a n d  t ,  i s  g i v e n  b y  t h e  r e s t r i c t i o n  
- 1  ^  c o s  2 f  ^  + 1 .  W e  c a n  n o w  d e f i n e  z  i n  t e r m s  o f  f ,  
=  r  c o s  2 f  -  S t  •  ( G ' 6 3 )  
S i m i l a r  m a n i p u l a t i o n s  w i t h  t h e  o t h e r  v a r i a b l e s  i n  6 . 5 8  g i v e  
r s  '  
a n d  
„ . (6.65) 
T h e  u s u a l  c o n d i t i o n  f o r  a  r e s o n a n c e  t o  a p p e a r  i n  t h e  e l a s t i c  c h a n n e l  i s  
t h a t  t h e  r e a l  p a r t  o f  t h e  p h a s e  s h i f t  p a s s  t h r o u g h  ^  a t  t h a t  v a l u e  o f  
e n e r g y  c o r r e s p o n d i n g  t o  t h e  m a s s  o f  t h e  r e s o n a n c e ,  i f  t h e  r e s o n a n c e  i n  
q u e s t i o n  i s  a n  e l a s t i c  r e s o n a n c e ,  i .  e . ,  a  r e s o n a n c e  f o r  w h i c h  f  -  " 2  w h e n  
d j  =  F o r  a n  i n e l a s t i c  r e s o n a n c e  ( o r  a b s o r p t i v e  r e s o n a n c e ) ,  t h e  r e a l  
p a r t  o f  t h e  p h a s e  s h i f t  p a s s e s  t h r o u g h  z e r o  a t  t h e  r e s o n a n c e  e n e r g y ,  s i n c e  
i n  t h i s  i n s t a n c e  r  — «  I n  e i t h e r  c a s e ,  t o  e n s u r e  t h a t  t h e s e  r e s o n a n c e s  
a p p e a r  i n  t h e  i n e l a s t i c  c h a n n e l  a t  t h e  s a m e  e n e r g y  w e  m u s t  r e q u i r e  t h a t  
X ,  y ,  a n d  z  b e  m u l t i p l e s  o f  T h i s  i s  j u s t  t h e  r e q u i r e m e n t  t h a t  s i n  2 f  
v a n i s h ,  w h i c h  i m p l i e s  t h a t  c o s  2 f  =  +  1 .  F o r  c o s  2 f  =  + 1 ,  6 . 6 2  b e c o m e s  
( - r  + s  + t  - 1 )  ( r  - s  + t  - 1 )  ( r  + s  - t  - 1 )  ( r  + s  + t  + 1 )  =  0 .  ( 6 . 6 6 )  
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T h e  c o n d i t i o n  t h a t  c o n n e c t s  t h e  3 x 3  S - m a t r i x  s m o o t h l y  t o  t h e  2 x 2  S - m a t r i x  
w h e n  t h e  t h i r d  c h a n n e l  b e c o m e s  p u r e  e l a s t i c  ( i .  e . ,  t h e  t h i r d  c h a n n e l  
d e c o u p l e s  f r o m  t h e  r e m a i n i n g  c h a n n e l s ,  a n d  t  =  1 )  i s  
r  -  s  +  t  =  1  •  ( 6 . 6 7 )  
U n i t a r i t y  f i x e s  t h e  r e l a t i v e  p h a s e s  o f  t h e  o f f - d i a g o n a l  e l e m e n t s ,  a n d  
t h e  f i n a l  f o r m  f o r  t h e  i n e l a s t i c  p r o c e s s e s  i s  
s,2 = ±  !  ( i  -  1 +  e 'cd i+d; )  ,  (6.68)  
-  t ) ' / '  a  ,  
s ,3= ± i  ( ,  +  
i n  t h e  l i m i t  t  ^  1 ,  w h e r e  o n l y  t w o  c h a n n e l s  a r e  o p e n ,  t h e s e  t e r m s  g o  t o  
S , 2  =  ±  :  ( 1  -  r )  1 / 2 ( 1  +  r ) ' / 2  e ' f d i + d z )  ,  ( 6 . 6 9 )  
^23 =  =0,  
w h i c h  c o r r e s p o n d s  t o  t h e  s y m m e t r i c  u n i t a r y  2 x 2  m a t r i x .  
T h e  s c a t t e r i n g  a m p l i t u d e  T  i s  g i v e n  b y  
T  =  ( 1  -  S ) / 2 i  ,  ( 6 . 7 0 )  
T  ^  ^  =  - ' | r s i n 2 d ^  -  ^  i ( l  -  r  c o s  2 d ^ ) ,  ( 6 . 7 0  
T ^ 2  =  -  Y  "  r )  1 / ^ ( 1  +  s ) F e e s  ( d ^ + d ^ )  +  i  s i n  ( d ^ + d ^ ) ] .  ( 6 . 7 2 )  
i n  t h i s  r e p r e s e n t a t i o n ,  a  r e s o n a n c e  a p p e a r i n g  s i m u l t a n e o u s l y  ( a s  a  f u n c t i o n  
o f  e n e r g y )  i n  t h e  e l a s t i c  c h a n n e l s  1  a n d  2  c a u s e s  t h e  d i a g o n a l  e l e m e n t s  t o  
b e c o m e  p u r e  i m a g i n a r y ,  a s  i n  6 . 7 1  f o r  d j  =  ^  o r  0 ,  a n d  t h e  o f f - d i a g o n a l  
e l e m e n t s  t o  b e c o m e  p u r e  r e a l ,  a s  i n  6 . 7 2  w h e n  b o t h  d ^  a n d  a r e  e q u a l  t o  
tc  
2  or  0 .  
A n  A r g a n d  d i a g r a m  i s  a  p l o t  o f  R e a l  T ^  v e r s u s  I m a g i n a r y  T ^ ^  a s  a  
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f u n c t i o n  o f  e n e r g y .  T h e  A r g a n d  d i a g r a m s  f o r  t h e  e l a s t i c  a m p l i t u d e ,  6 . 7 1 ,  
a n d  t h e  i n e l a s t i c  a m p l i t u d e ,  6 . 7 2 ,  a r e  s h o w n  i n  F i g .  1 1 .  B e l o w  t h e  i n e l a s ­
t i c  t h r e s h o l d ,  r  =  s  =  1 ;  t h e  p h a s e  s h i f t s  a r e  z e r o  a t  t h e  t h r e s h o l d  f o r  
t h e  r e a c t i o n ,  a n d  i n c r e a s e  w i t h  e n e r g y ,  p a s s i n g  t h r o u g h  ^  ^ t  t h e  r e s o n a n c e  
e n e r g y .  T h e  c a s e  d e p i c t e d  i n  F i g .  1 1  i s  t h a t  o f  a  p u r e l y  e l a s t i c  r e s o n a n c e  
f o r  w h i c h  r  =  1  f o r  a l l  e n e r g i e s ,  a n d  t h e  A r g a n d  d i a g r a m  d e s c r i b e s  t h e  
u n i t a r y  c i r c l e .  A m p l i t u d e s  w h i c h  i n c l u d e  s o m e  e f f e c t s  o f  n o n - r e s o n a t i n g  
b a c k g r o u n d  o r  i n e l a s t i c  t h r e s h o l d s  w o u l d  b e  e x p e c t e d  t o  e x h i b i t  m o r e  i n t r i ­
c a t e  s t r u c t u r e ,  s u c h  a s  l o o p s  r e f l e c t i n g  v a r i a t i o n s  o f  t h e  i n e l a s t i c i t y  
p a r a m e t e r .  S o m e  o f  t h i s  t y p e  s t r u c t u r e  m a y  b e  s e e n  i n  t h e  d i a g r a m s  i n  
F i g .  6 .  
A s  i s  e v i d e n t  f r o m  6 . 6 8 ,  t h e  o v e r a l l  p h a s e  o f  t h e  i n e l a s t i c  a m p l i t u d e  
i s  a r b i t r a r y  u p  t o  a  f a c t o r  T h i s  m e a n s  t h a t  t h e  d i a g r a m  i n  F i g .  1 1  
f o r  t h e  i n e l a s t i c  a m p l i t u d e  c a n  b e  r o t a t e d  a b o u t  t h e  o r i g i n  b y  m u l t i p l e s  
o f  I n  t h e  A r g a n d  d i a g r a m s  c a l c u l a t e d  i n  C h a p t e r  V ,  a n  e x a m p l e  o f  w h i c h  
i s  s h o w n  i n  F i g .  6 ,  t h e  d i a g r a m s  f o r  a p p e a r  t o  b e  o u t  o f  p h a s e  
b y  T t  r a d i a n s  w i t h  t h e  d i a g r a m s  f o r  c o r r e s p o n d i n g  t o  t h e  +  s i g n  
a m b i g u i t y  i n  t h e  m a t r i x  e l e m e n t  S  ^  ^  i  n  6 . 6 8 .  
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